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Ïðåäèñëîâèå

Îäèííàäöàòàÿ øêîëà-êîíôåðåíöèè ¾Àëãåáðû Ëè, àëãåáðàè÷åñêèå ãðóïïû
è òåîðèÿ èíâàðèàíòîâ¿ ïðîõîäèëà â Ñàìàðå ñ 19 ïî 24 àâãóñòà 2024 ãîäà. Îð-
ãàíèçàòîðû: Ñàìàðñêèé íàöèîíàëüíûé èññëåäîâàòåëüñêèé óíèâåðñèòåò èìå-
íè àêàäåìèêà Ñ.Ï. Êîðîëåâà, Ìàòåìàòè÷åñêèé èíñòèòóò èì. Â.À. Ñòåêëîâà
Ðîññèéñêîé àêàäåìèè íàóê, ã. Ìîñêâà, Íàó÷íî-ó÷åáíàÿ ëàáîðàòîðèÿ àëãåáðà-
è÷åñêèõ ãðóïï ïðåîáðàçîâàíèé, Íàöèîíàëüíûé èññëåäîâàòåëüñêèé óíèâåðñè-
òåò ¾Âûñøàÿ øêîëà ýêîíîìèêè¿, ã. Ìîñêâà, Ìàòåìàòè÷åñêèé öåíòð ìèðîâîãî
óðîâíÿ ¾Ìàòåìàòè÷åñêèé èíñòèòóò èì. Â.À. Ñòåêëîâà Ðîññèéñêîé àêàäåìèè
íàóê¿ (ÌÖÌÓ ÌÈÀÍ), ã. Ìîñêâà. Èíôîðìàöèþ î ïðåäûäóùèõ øêîëàõ-êîí-
ôåðåíöèÿõ ñì. íà ñàéòå https://lie-school.ru/.

Ïðîãðàììíûé êîìèòåò øêîëû-êîíôåðåíöèè: È.Â. Àðæàíöåâ (ÍÈÓ ÂØÝ),
Ì.Õ. Ãèçàòóëëèí (ÒÃÓ), Ñ.Î. Ãîð÷èíñêèé (Ìàòåìàòè÷åñêèé èíñòèòóò èì.
Â.À. Ñòåêëîâà ÐÀÍ), Ì.Â. Èãíàòüåâ (ÍÈÓ ÂØÝ), À.Í. Ïàíîâ (Ñàìàðñêèé
óíèâåðñèòåò), Â.À. Ïåòðîâ (ÑÏáÃÓ), Ä.À. Òèìàø¼â (ÌÃÓ èì. Ì.Â. Ëîìîíî-
ñîâà), Î.Ê. Øåéíìàí (Ìàòåìàòè÷åñêèé èíñòèòóò èì. Â.À. Ñòåêëîâà ÐÀÍ),
Ê.À. Øðàìîâ (Ìàòåìàòè÷åñêèé èíñòèòóò èì. Â.À. Ñòåêëîâà ÐÀÍ).

Îðãàíèçàöèîííûé êîìèòåò øêîëû-êîíôåðåíöèè: À.À. Ãðèñÿê (Ñàìàðñêèé
óíèâåðñèòåò, ñîïðåäñåäàòåëü), Ñ.Î. Ãîð÷èíñêèé (Ìàòåìàòè÷åñêèé èíñòèòóò
èì. Â.À. Ñòåêëîâà ÐÀÍ, ñîïðåäñåäàòåëü), À.Í. Ïàíîâ (Ñàìàðñêèé óíèâåð-
ñèòåò, çàìåñòèòåëü ïðåäñåäàòåëÿ), È.Â. Àðæàíöåâ (ÍÈÓ ÂØÝ), Ì.Â. Èãíà-
òüåâ (Ñàìàðñêèé óíèâåðñèòåò), Ä.À. Òèìàø¼â (ÌÃÓ èì. Ì.Â. Ëîìîíîñîâà),
À.À. Øåâ÷åíêî (Ñàìàðñêèé óíèâåðñèòåò), Ì.À. Ñóðêîâ (Ñàìàðñêèé óíèâåð-
ñèòåò), Ò.Â. Âèëêèí (ÍÈÓ ÂØÝ).

Ó÷àñòíèêàìè øêîëû áûëè ñòóäåíòû, àñïèðàíòû è ìîëîäûå ó÷¼íûå èç Ðîñ-
ñèè è äðóãèõ ñòðàí. Èì áûëè ïðî÷èòàíû ñëåäóþùèå ëåêöèîííûå êóðñû:

� Ãèïåðãåîìåòðè÷åñêèå ôóíêöèè â òåîðèè ïðåäñòàâëåíèé ïðîñòûõ àë-
ãåáð Ëè
(Àðòàìîíîâ Äìèòðèé Âÿ÷åñëàâîâè÷, ÌÃÓ èì. Ì.Â. Ëîìîíîñîâà, Ìîñêâà,
Ðîññèÿ);

� Ìåòîä ïàð Õàðèø-×àíäðû â òåîðèè ëîêàëüíî àëãåáðàè÷åñêèõ ñóïåð-
ãðóïï
(Çóáêîâ Àëåêñàíäð Íèêîëàåâè÷,Îìñêèé ôèëèàë Èíñòèòóòà ìàòåìàòèêè
èìåíè Ñ.Ë. Ñîáîëåâà, Îìñê, Ðîññèÿ);

� Ïîñòðîåíèå âåñîâûõ ñèñòåì è èíâàðèàíòîâ óçëîâ ïî àëãåáðàì Ëè
(Ëàíäî Ñåðãåé Êîíñòàíòèíîâè÷, ÍÈÓ ÂØÝ, Ìîñêâà, Ðîññèÿ);
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� Èíâàðèàíòíàÿ ãåîìåòðèÿ íèëüìíîãîîáðàçèé
(Ìèëëèîíùèêîâ Äìèòðèé Âëàäèìèðîâè÷, ÌÃÓ èì. Ì.Â. Ëîìîíîñîâà,
Ìîñêâà, Ðîññèÿ);

� Ïðîèçâîäíûå êàòåãîðèè îäíîðîäíûõ ïðîñòðàíñòâ è ïðåäñòàâëåíèÿ ïà-
ðàáîëè÷åñêèõ ïîäãðóïï
(Ôîíàðåâ Àíòîí Âÿ÷åñëàâîâè÷, ÌÈÀÍ, ÂØÝ, Ìîñêâà, Ðîññèÿ).

Ñáîðíèê ñîäåðæèò òåçèñû äîêëàäîâ ó÷àñòíèêîâ øêîëû-êîíôåðåíöèè.

Ìåðîïðèÿòèå ïðîâîäèòñÿ ïðè ôèíàíñîâîé ïîääåðæêå Ìèíîáðíàóêè Ðîñ-
ñèè (ãðàíò íà ñîçäàíèå è ðàçâèòèå ÌÖÌÓ ÌÈÀÍ, ñîãëàøåíèå � 075-15-2022-
265).

Îðãêîìèòåò
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Êîðíåâûå ïîäãðóïïû íà îðèñôåðè÷åñêèõ ìíîãîîáðàçèÿõ
Ð.Ñ. Àâäååâ
ÍÈÓ ÂØÝ

suselr@yandex.ru

Ïóñòü K � àëãåáðàè÷åñêè çàìêíóòîå ïîëå íóëåâîé õàðàêòåðèñòèêè è Ga =
(K,+) � àääèòèâíàÿ ãðóïïà ïîëÿ K. Åñëè ãðóïïà Ga íåòðèâèàëüíî äåéñòâóåò
íà íåïðèâîäèìîì àëãåáðàè÷åñêîì ìíîãîîáðàçèè X, òî å¼ îáðàç H â ãðóïïå
àâòîìîðôèçìîâ ìíîãîîáðàçèÿ X íàçûâàåòñÿ Ga-ïîäãðóïïîé íà X. Ïóñòü òå-
ïåðü íà X ðåãóëÿðíî äåéñòâóåò àëãåáðàè÷åñêàÿ ãðóïïà F . Åñëè F íîðìàëè-
çóåò ãðóïïó H, òî H íàçûâàåòñÿ F -êîðíåâîé ïîäãðóïïîé íà X. Â ýòîì ñëó÷àå
F äåéñòâóåò íà îäíîìåðíîé àëãåáðå Ëè LieH óìíîæåíèåì íà õàðàêòåð χ,
íàçûâàåìûé âåñîì F -êîðíåâîé ïîäãðóïïû H.

Ïóñòü T � àëãåáðàè÷åñêèé òîð. Íîðìàëüíîå íåïðèâîäèìîå T -ìíîãîîáðàçèå
X íàçûâàåòñÿ òîðè÷åñêèì, åñëè îíî îáëàäàåò îòêðûòîé T -îðáèòîé. Âàæ-
íóþ ðîëü ïðè èçó÷åíèè ãðóïï àâòîìîðôèçìîâ òîðè÷åñêèõ T -ìíîãîîáðàçèé
èãðàþò êîðíåâûå T -ïîäãðóïïû. Ïîëíîå îïèñàíèå âñåõ T -êîðíåâûõ ïîäãðóïï
íà ïðîèçâîëüíîì òîðè÷åñêîì ìíîãîîáðàçèè X õîðîøî èçâåñòíî è âîñõîäèò ê
çíàìåíèòîé ðàáîòå Äåìàçþðà [3]. Îêàçûâàåòñÿ, ÷òî âñÿêàÿ T -êîðíåâàÿ ïîä-
ãðóïïà íà X îäíîçíà÷íî îïðåäåëÿåòñÿ ñâîèì âåñîì, à ìíîæåñòâî âåñîâ âñåõ
T -êîðíåâûõ ïîäãðóïï íà X (ýòè âåñà íàçûâàþòñÿ êîðíÿìè Äåìàçþðà) äîïóñ-
êàåò êîìáèíàòîðíîå îïèñàíèå â òåðìèíàõ âååðà, çàäàþùåãî ìíîãîîáðàçèå X.

Ïóñòü òåïåðü G � ïðîèçâîëüíàÿ ñâÿçíàÿ ðåäóêòèâíàÿ ãðóïïà. Åñòåñòâåí-
íûì îáîáùåíèåì ïîíÿòèÿ òîðè÷åñêîãî ìíîãîîáðàçèÿ äëÿ G-ìíîãîîáðàçèé
ñëóæèò ïîíÿòèå ñôåðè÷åñêîãî ìíîãîîáðàçèÿ. À èìåííî, íîðìàëüíîå íåïðèâî-
äèìîå G-ìíîãîîáðàçèå X íàçûâàåòñÿ ñôåðè÷åñêèì, åñëè îíî îáëàäàåò îòêðû-
òîé îðáèòîé äëÿ èíäóöèðîâàííîãî äåéñòâèÿ áîðåëåâñêîé ïîäãðóïïû B ⊂ G.
Â ðàáîòå [1] â êà÷åñòâå îáîáùåíèÿ T -êîðíåâûõ ïîäãðóïï íà òîðè÷åñêèõ T -
ìíîãîîáðàçèÿõ áûëî ïðåäëîæåíî èçó÷àòü B-êîðíåâûå ïîäãðóïïû íà ñôåðè-
÷åñêèõ G-ìíîãîîáðàçèÿõ.

Ñôåðè÷åñêîå G-ìíîãîîáðàçèå X íàçûâàåòñÿ îðèñôåðè÷åñêèì, åñëè ñòàáè-
ëèçàòîð òî÷êè îáùåãî ïîëîæåíèÿ â X ñîäåðæèò ìàêñèìàëüíóþ óíèïîòåíò-
íóþ ïîäãðóïïó ãðóïïû G. Îðèñôåðè÷åñêèå ìíîãîîáðàçèÿ ïî íåêîòîðûì ñâîé-
ñòâàì íàïîìèíàþò òîðè÷åñêèå ìíîãîîáðàçèÿ è ïîòîìó ïðåäñòàâëÿþò ñîáîé
íàèáîëåå äîñòóïíûé äëÿ èçó÷åíèÿ êëàññ ñôåðè÷åñêèõ ìíîãîîáðàçèé. Â äîêëà-
äå ïëàíèðóåòñÿ îáñóäèòü ðåçóëüòàòû ðàáîòû [2], â êîòîðîé ïîëó÷åíî ÷àñòè÷-
íîå îïèñàíèå B-êîðíåâûõ ïîäãðóïï íà îðèñôåðè÷åñêèõ G-ìíîãîîáðàçèÿõ.
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Îäíîçíà÷íîñòü ñëîæåíèÿ â àëãåáðàõ Ëè
È.Â. Àðæàíöåâ
ÍÈÓ ÂØÝ

arjantsev@hse.ru

Áóäåì ãîâîðèòü, ÷òî êîëüöî Ëè R íàçûâàåòñÿ êîëüöîì Ëè ñ îäíîçíà÷íûì
ñëîæåíèåì, èëè UA-êîëüöîì Ëè, åñëè êàæäàÿ ñîõðàíÿþùàÿ êîììóòàòîðû
áèåêöèÿ èç R â ïðîèçâîëüíîå êîëüöî Ëè ñîõðàíÿåò ñëîæåíèå. Ìû ïðèâåäåì
ïðèìåðû êîëåö Ëè, íå îáëàäàþùèõ ýòèì ñâîéñòâîì, è ïîêàæåì, ÷òî åñëè êî-
íå÷íîìåðíàÿ àëãåáðà Ëè g ñîäåðæèò äâà ýëåìåíòà, öåíòðàëèçàòîðû êîòîðûõ
èìåþò íóëåâîå ïåðåñå÷åíèå, òî g ÿâëÿåòñÿ UA-êîëüöîì Ëè. Ýòîò ðåçóëüòàò
ïîêàçûâàåò, ÷òî ìíîãèå êîíå÷íîìåðíûå àëãåáðû Ëè îáëàäàþò ñâîéñòâîì îä-
íîçíà÷íîñòè ñëîæåíèÿ. Òàêæå áóäåò ñôîðìóëèðîâàí ðÿä îòêðûòûõ âîïðîñîâ
ïî ýòîé òåìå. Äîêëàä áàçèðóåòñÿ íà ðàáîòå [1].

Ñïèñîê ëèòåðàòóðû

[1] Ivan Arzhantsev. Uniqueness of addition in Lie algebras revisited. arXiv:
math.RA/2401.06241, (2024).
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Î êîíå÷íîìåðíûõ îäíîðîäíûõ àëãåáðàõ Ëè äèôôåðåíöèðîâàíèé
êîëüöà ìíîãî÷ëåíîâ
Ñ.À. Ãàéôóëëèí

ÌÃÓ èì. Ì.Â. Ëîìîíîñîâà è ÍÈÓ ÂØÝ
sgayf@yandex.ru

Äîêëàä îñíîâàí íà ñîâìåñòíîé ðàáîòå ñ È.Â. Àðæàíöåâûì è Â.Å. Ëîïàò-
êèíûì.

Ïóñòü k � ïîëå íóëåâîé õàðàêòåðèñòèêè. Ðàññìîòðèì àëãåáðóB = k[x1, . . . ,
xn] ìíîãî÷ëåíîâ îò n ïåðåìåííûõ íàä k. Íà ýòîé àëãåáðå åñòü åñòåñòâåí-
íàÿ Zn-ãðàäóèðîâêà, ïðè êîòîðîé âñå ïåðåìåííûå ÿâëÿþòñÿ îäíîðîäíûìè è
deg xi = (0, . . . , 0, 1, 0, . . . , 0) = ei � i-é âåêòîð ñòàíäàðòíîãî áàçèñà Zn.

Ìû ðàññìàòðèâàåì äèôôåðåíöèðîâàíèÿ àëãåáðû ìíîãî÷ëåíîâ k[x1, . . . ,
xn]. Òî åñòü ëèíåéíûå îïåðàòîðû δ : B → B, óäîâëåòâîðÿþùèå òîæäåñòâó
Ëåéáíèöà δ(fg) = δ(f)g + fδ(g). Äèôôåðåíöèðîâàíèå íàçûâàåòñÿ îäíîðîä-
íûì, åñëè îíî ïåðåâîäèò îäíîðîäíûå ýëåìåíòû â îäíîðîäíûå. Íåñëîæíî ïî-
êàçàòü, ÷òî äëÿ ëþáîãî îäíîðîäíîãî äèôôåðåíöèðîâàíèÿ δ êîððåêòíî îïðå-
äåëåíà åãî ñòåïåíü, òî åñòü òàêîå öåëîå ÷èñëî r òàêîå, ÷òî δ(Bi) ⊆ Bi+r äëÿ
âñåõ i. Íåñëîæíî ïîêàçàòü, ÷òî ñòåïåíü äèôôåðåíöèðîâàíèÿ ìîæåò áûòü ëè-
áî −ei, ëèáî îíà ëåæèò â Zn

≥0. Â ïåðâîì ñëó÷àå äèôôåðåíöèðîâàíèå èìååò
âèä

λxa11 . . . x
ai−1

i−1 x
ai+1

i+1 . . . x
an
n

∂

∂xi
, ai ≥ 0, λ ∈ k.

Òàêèå îäíîðîäíûå äèôôåðåíöèðîâàíèÿ ìû áóäåì íàçûâàòü äèôôåðåíöèðî-
âàíèÿìè I òèïà. Ýòî â òî÷íîñòè ëîêàëüíî íèëüïîòåíòíûå îäíîðîäíûå äèô-
ôåðåíöèðîâàíèÿ àëãåáðû B. Îñòàëüíûå äèôôåðåíöèðîâàíèÿ èìåþò âèä

xp11 . . . x
pn
n

n∑
j=1

βjxj
∂

∂xj
, pj ≥ 0, βj ∈ k.

Áóäåì ãîâîðèòü, ÷òî òàêèå äèôôåðåíöèðîâàíèÿ èìåþò òèï II.
Èçâåñòíûé ôàêò, ÷òî äèôôåðåíöèðîâàíèÿ îáðàçóþò àëãåáðó Ëè îòíîñè-

òåëüíî îïåðàöèè êîììóòèðîâàíèÿ [δ, ρ] = δ ◦ ρ − ρ ◦ δ. Íàñ èíòåðåñóåò âî-
ïðîñ ïðè êàêèõ óñëîâèÿõ àëãåáðà Ëè, ïîðîæä¼ííàÿ êîíå÷íûì ÷èñëîì îäíî-
ðîäíûõ äèôôåðåíöèðîâàíèé, êîíå÷íîìåðíà. Äëÿ äèôôåðåíöèðîâàíèé òèïà
I îòâåò íà ýòîò âîïðîñ áûë ïîëó÷åí â ðàáîòàõ [1] è [2]. Îòâåò ôîðìóëèðóåòñÿ
â òåðìèíàõ îðèåíòèðîâàííîãî ãðàôà, ïîñòðîåííîãî ïî ìíîæåñòâó ïîðîæäàþ-
ùèõ äèôôåðåíöèðîâàíèé. Óñëîâèå êîíå÷íîìåðíîñòè àëãåáðû Ëè ðàâíîñèëü-
íî àöèêëè÷íîñòè ýòîãî ãðàôà.
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Â äîêëàäå áóäåò ðàññêàçàíî î ðåøåíèè äàííîãî âîïðîñà â ñëó÷àå íàáîðà
äèôôåðåíöèðîâàíèé òèïà II. Êðèòåðèé êîíå÷íîìåðíîñòè òàêæå áóäåò ñôîð-
ìóëèðîâàí â âèäå àöèêëè÷íîñòè íåêîòîðîãî îðèåíòèðîâàííîãî ãðàôà. Òàêæå
áóäåò ðàññêàçàíî ïðî ñòðóêòóðó ïîëó÷àþùèõñÿ êîíå÷íîìåðíûõ àëãåáð.

Ñïèñîê ëèòåðàòóðû

[1] I. Arzhantsev, A. Liendo, T. Stasyuk. Lie algebras of vertical derivations
on semia�ne varieties with torus actions. J. Pure Appl. Algebra, 225:2
(2021), article 106499.

[2] I. Arzhantsev, M. Zaidenberg. Tits-type alternative for groups acting
on toric a�ne varieties. Int. Math. Res. Not. IMRN, 2022:11 (2022),
8162-8195.

Î âëîæåíèÿõ íåêîòîðûõ ïîëóïðîñòûõ àëãåáðàè÷åñêèõ
ãðóïï â ãðóïïû àâòîìîðôèçìîâ àôôèííûõ ìíîãîîáðàçèé

Ì.Õ. Ãèçàòóëëèí
Ñàìàðà, Ðîññèÿ

gizmarat@yandex.ru

Ïðåäïîëàãàþ ðàññêàçàòü î íåêîòîðûõ ñðàâíèòåëüíî ìàëîìåðíûõ ìíîãîîá-
ðàçèÿõ, èõ ëèíåéíûõ è ïîëèíîìèàëüíûõ àâòîìîðôèçìàõ. Êàæäîå èç âîçíè-
êàþùèõ ìíîãîîáðàçèé ïîðîæäàåò äâà ñëåäóþùèõ ñîðòà îáúåêòîâ, âîçíèêøèõ
â ñâî¼ âðåìÿ â ïðèëîæåíèÿõ ìàòåìàòèêè ê åñòåñòâåííûì íàóêàì. Âî-ïåðâûõ,
äèôôåðåíöèàëüíàÿ 1-ôîðìà (íàçûâàåìàÿ êîíòàêòíîé ôîðìîé) è ñâÿçàííûé
ñ íåé àíàëîã ïðåîáðàçîâàíèÿ Ëåæàíäðà (òî÷íåå, êîíòàêòíîå ïðåîáðàçîâàíèå
Ëåæàíäðà-Ëè). Âî-âòîðûõ, òåðíàðíàÿ òðèëèíåéíàÿ îïåðàöèÿ, êîòîðàÿ âìå-
ñòå ñ íåêîòîðûì êîñûì ñêàëÿðíûì ïðîèçâåäåíèåì (ñâÿçàííûì ñ óïîìÿíó-
òîé êîíòàêòíîé ôîðìîé) ñîñòàâëÿåò òåðíàðíóþ ñèñòåìó Ôðîéäåíòàëÿ-Òèòñà-
Øïðèíãåðà-Êàíòîðà (óòî÷íþ, ÷òî óïîìÿíóòûé Ò. À. Øïðèíãåð � íå êíèæ-
íûé èçäàòåëü, à ïîñëåäíÿÿ ïåðñîíà � ýòî ïîêîéíûé Èñàé Ëüâîâè÷ Êàíòîð).
Ïðîñòåéøèå òåðíàðíûå ñèñòåìû íà÷àë ðàññìàòðèâàòü â êâàíòîâîé ìåõàíèêå
Ï. Éîðäàí. Ïåðâûå ïðèìåðû ðàññìàòðèâàåìûõ ìíîé ìíîãîîáðàçèé è ïðåîá-
ðàçîâàíèé âîçíèêëè â ðàáîòàõ Ã.Ýéçåíøòåéíà (1844) è À.Êýëè (1845, 1850).
À. Êýëè ðàçâèë è ïðèìåíèë ê âîçíèêàþùèì ïðîáëåìàì òåîðèþ èíâàðèàí-
òîâ, â ÷àñòíîñòè, òåîðèþ ãèïåðäåòåðìèíàíòîâ ïðîñòðàíñòâåííûõ ìàòðèö. Ïî-
ñëåäíÿÿ òåîðèÿ èçëîæåíà â êíèãå (1959, Ôèçìàòãèç) êèåâñêîãî ìàòåìàòèêà
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Í. Ï. Ñîêîëîâà, ÿ èñïîëüçóþ åãî ðåçóëüòàòû. Îòìå÷ó, ÷òî âñå âîçíèêàþùèå
çäåñü àôôèííûå ìíîãîîáðàçèÿ ãèáêèå (�exible) â ñìûñëå îïðåäåëåíèÿ, ââå-
ä¼ííîãî È. Â. Àðæàíöåâûì ñ ñîàâòîðàìè (ñîàâòîðû � Ã. Ôëåííåð, Ø. Êàëè-
ìàí, Ô. Êóòøåáàóõ è Ì.Ã. Çàéäåíáåðã; 2012).

Îáîáù¼ííàÿ çàäà÷à Õîðíà
À. À. Ãóðåíêîâà

Óíèâåðñèòåò Æåíåâû, Æåíåâà, Øâåéöàðèÿ
gurenkovaa@gmail.com

Äîêëàä îñíîâàí íà ñîâìåñòíîé ðàáîòå ñ À. Àëåêñååâûì, À. Áåðåíøòåéíîì,
ß. Ëè.

Â êëàññè÷åñêîé çàäà÷å Õîðíà ñïðàøèâàåòñÿ: êàê ñâÿçàíû íàáîðû ñîáñòâåí-
íûõ çíà÷åíèé ýðìèòîâûõ n× n ìàòðèö X, Y è X + Y ? Îòâåò íà ýòîò âîïðîñ,
óãàäàííûé À.Õîðíîì è âïåðâûå äîêàçàííûé â ðàáîòàõ [3] è [4], ïðåäñòàâëÿåò
ñîáîé ñèñòåìó ëèíåéíûõ íåðàâåíñòâ � íåðàâåíñòâ Õîðíà. Ñ òåõ ïîð ïîÿâè-
ëèñü è äðóãèå äîêàçàòåëüñòâà. Êàê ìèíèìóì äâà èç èçâåñòíûõ äîêàçàòåëüñòâ
èñïîëüçóþò èäåè èç òðîïè÷åñêîé ãåîìåòðèè ([6], [1]).

Åñòåñòâåííî ñïðîñèòü: à ÷òî áóäåò, åñëè ñêëàäûâàòü íå äâå, à òðè èëè áîëü-
øå ìàòðèö? Îêàçûâàåòñÿ, â ýòîì ñëó÷àå îòâåò íåëèíååí óæå â ïðîñòåéøåì
ñëó÷àå 2 × 2 ìàòðèö è îïèñàòü åãî òðóäíî. Êóäà ïðîùå, âäîõíîâèâøèñü ðà-
áîòàìè [6] è [1], ðåøàòü òðîïè÷åñêóþ âåðñèþ çàäà÷è. Òðîïè÷åñêèå àíàëîãè
ñîáñòâåííûõ çíà÷åíèé óäîâëåòâîðÿþò ëèíåéíûì íåðàâåíñòâàì, àíàëîãè÷íûì
íåðàâåíñòâàì Õîðíà, è íåêîòîðûì òðîïè÷åñêèì ðàâåíñòâàì. Ïðè îïðåäåë¼í-
íûõ óñëîâèÿõ ýòè ðàâåíñòâà âîñïðîèçâîäÿò ò.í. ¾îêòàýäðè÷åñêóþ ðåêóððåí-
òó¿ ([5] è ññûëêè), êîòîðàÿ ñëóæèò àññîöèàòîðîì â êàòåãîðèè gln-êðèñòàëëîâ.
Îáúÿñíèòü ýòî ñîâïàäåíèå ìîæíî ñ ïîìîùüþ ãåîìåòðè÷åñêèõ êðèñòàëëîâ [2].

Ñïèñîê ëèòåðàòóðû

[1] A. Alekseev, M. Podkopaeva, A. Szenes. The Horn problem and planar
networks. Adv. Math. 318 (2017), 618�710.

[2] A. Berenstein, D. Kazhdan. Geometric and unipotent crystals. Geom.
Funct. Anal., Special Volume, Part I (2000), 188�236.

[3] A. A. Klyachko. Stable vector bundles and Hermitian operators. Selecta
Math. (N.S.) 4 (1998), 419�445.
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[4] A. Knutson, T. Tao. The honeycomb model of GLn(C) tensor products
I: proof of the saturation conjecture. J. Am. Math. Soc. 12 (1999), 1055�
1090.

[5] A. Knutson, T. Tao, C.Woodward. A positive proof of the Littlewood�
Richardson rule using the octahedron recurrence. Electron. J. Combin.
11 (2004), no. R61.
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Êðèòåðèé æåñòêîñòè òðèíîìèàëüíûõ ìíîãîîáðàçèé
Ï.È. Åâäîêèìîâà

ÌÃÓ èìåíè Ì.Â. Ëîìîíîñîâà, Ìîñêâà, Ðîññèÿ
polina.evdokimova@math.msu.ru

Äîêëàä îñíîâàí íà ñîâìåñòíîé ðàáîòå àâòîðà ñ Ñ.À. Ãàéôóëëèíûì è
À.À. Øàôàðåâè÷åì [1].

Ïóñòü K � àëãåáðàè÷åñêè çàìêíóòîå ïîëå íóëåâîé õàðàêòåðèñòèêè, X �
àôôèííîå àëãåáðàè÷åñêîå ìíîãîîáðàçèå íàä ïîëåì K, Ga � àääèòèâíàÿ ãðóï-
ïà ïîëÿ K. Ìíîãîîáðàçèå X íàçûâàåòñÿ æåñòêèì, åñëè îíî íå äîïóñêàåò
íåòðèâèàëüíûõ äåéñòâèé Ga.

Äîêëàä ïîñâÿùåí òðèíîìèàëüíûì ìíîãîîáðàçèÿì, òî åñòü òàêèì àôôèí-
íûì ìíîãîîáðàçèÿì, êîòîðûå çàäàþòñÿ ñèñòåìàìè óðàâíåíèé ñëåäóþùåãî âè-
äà:

c0T
l01
01 . . . T

l0n0
0n0

+ c1T
l11
11 . . . T

l1n1
1n1

+ c2T
l21
21 . . . T

l2n2
2n2

= 0,

ãäå Tij âûñòóïàþò â ðîëè ïåðåìåííûõ, ci ∈ K \ {0} äîëæíû óäîâëåòâîðÿòü
íåêîòîðûì óñëîâèÿì, n0 ≥ 0, n1, n2 ≥ 1, lij � ïîëîæèòåëüíûå öåëûå ÷èñëà,
ïðè÷åì åñëè n0 = 0, òî ïåðâûé ìîíîì ñ÷èòàåòñÿ ðàâíûì åäèíèöå. Â ñëó÷àå,
åñëè òàêàÿ ñèñòåìà ñîñòîèò òîëüêî èç îäíîãî óðàâíåíèÿ, òî ñîîòâåòñòâóþ-
ùåå òðèíîìèàëüíîå ìíîãîîáðàçèå íàçûâàåòñÿ òðèíîìèàëüíîé ãèïåðïîâåðõ-
íîñòüþ.

Îïðåäåëèì ìîíîì T li
i = T li1

i1 . . . T
lini
ini

. Â çàâèñèìîñòè îò óñëîâèé, íàëîæåí-
íûõ íà ci, òðèíîìèàëüíûå ìíîãîîáðàçèÿ äåëÿòñÿ íà äâà òèïà. Óðàâíåíèÿ èç
ñèñòåìû, çàäàþùåé ìíîãîîáðàçèå, ïðèíèìàþò âèä

â ñëó÷àå òèïà 1:
T li
i − T

li+1

i+1 = ai+1 − ai,

ãäå 1 ≤ i ≤ r, ai ïîïàðíî ðàçëè÷íû;
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â ñëó÷àå òèïà 2:

det

T li
i T

li+1

i+1 T
li+2

i+2

a0i a0i+1 a0i+2

a1i a1i+1 a1i+2

 = 0,

ãäå 0 ≤ i ≤ r−2 è ñòîëáöû ñëåäóþùåé ìàòðèöû ïîïàðíî ëèíåéíî íåçàâèñèìû

A =

(
a00 . . . a0r
a10 . . . a1r

)
.

Â ðàáîòå [2] áûë äîêàçàí êðèòåðèé æåñòêîñòè ôàêòîðèàëüíûõ òðèíîìè-
àëüíûõ ãèïåðïîâåðõíîñòåé. Â ðàáîòå [3] ïîëó÷åíû äâà îáîáùåíèÿ ïðåäûäó-
ùåãî ðåçóëüòàòà: êðèòåðèé æåñòêîñòè ïðîèçâîëüíîé òðèíîìèàëüíîé ãèïåð-
ïîâåðõíîñòè, à òàêæå êðèòåðèé æåñòêîñòè ôàêòîðèàëüíîãî òðèíîìèàëüíîãî
ìíîãîîáðàçèÿ.

Â äîêëàäå áóäåò äîêàçàí êðèòåðèé æåñòêîñòè ïðîèçâîëüíûõ òðèíîìèàëü-
íûõ ìíîãîîáðàçèé, îáîáùàþùèé ïðåäûäóùèå ðåçóëüòàòû è çàâåðøàþùèé
êëàññèôèêàöèþ æåñòêèõ òðèíîìèàëüíûõ ìíîãîîáðàçèé.

Ñïèñîê ëèòåðàòóðû
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Îá àëãåáðàõ Ëè, çàäàâàåìûõ êàñàòåëüíûìè íàïðàâëåíèÿìè
ê îäíîðîäíûì ïðîåêòèâíûì ìíîãîîáðàçèÿì

À.Î. Çàâàäñêèé
ÌÃÓ èìåíè Ì.Â. Ëîìîíîñîâà, Ìîñêâà, Ðîññèÿ

zavadskiao@gmail.com

Äîêëàä îñíîâàí íà ðàáîòå [1].
Ïóñòü X ⊂ Pm � âëîæåííîå êîìïëåêñíîå ïðîåêòèâíîå ìíîãîîáðàçèå. Ðàñ-

ñìîòðèì ñîîòâåòñòâóþùåå åìó àôôèííîå êîíè÷åñêîå ìíîãîîáðàçèå X̂ ⊂ Cm+1.
Ìû èññëåäóåì àëãåáðó Ëè L, êîòîðàÿ ïîðîæäàåòñÿ âåêòîðíûì ïðîñòðàíñòâîì
Cm+1 è çàäàíà îïðåäåëÿþùèìè ñîîòíîøåíèÿìè âèäà

[ξ, η] = 0 ∀ξ ∈ X̂reg, η ∈ TξX̂,

ãäå TξX̂ � êàñàòåëüíîå ïðîñòðàíñòâî ê X̂ â òî÷êå ξ. Àëãåáðû òàêîãî âèäà èí-
òåðåñíû òåì, ÷òî îíè âîçíèêàþò â ñâÿçè ñ èññëåäîâàíèÿìè ìíîãîîáðàçèé ìè-
íèìàëüíûõ ðàöèîíàëüíûõ êàñàòåëüíûõ, îïðåäåëåííûõ Ä. Õâàíîì è Í. Ìîêîì
[2, 3]. Â íåêîòîðûõ ñëó÷àÿõ òàêèå àëãåáðû èçîìîðôíû àëãåáðàì ñèìâîëîâ
ôèëüòðîâàííûõ ñèñòåì ðàñïðåäåëåíèé íà ìíîãîîáðàçèÿõ Ôàíî, ïîðîæäåííû-
ìè êîíóñàìè íàä ìíîãîîáðàçèÿìè ìèíèìàëüíûõ ðàöèîíàëüíûõ êàñàòåëüíûõ
â òî÷êàõ îáùåãî ïîëîæåíèÿ.

Ìû èññëåäóåì àëãåáðû Ëè, êîòîðûå çàäàþòñÿ êàñàòåëüíûìè íàïðàâëå-
íèÿìè ê îäíîðîäíûì ìíîãîîáðàçèÿì. Áîëåå òî÷íî, ïóñòü R � íåïðèâî-
äèìîå ïðåäñòàâëåíèå ïîëóïðîñòîé êîìïëåêñíîé ãðóïïû Ëè G â ïðîñòðàí-
ñòâå V ñ ìëàäøèì âåñîì Λ, vΛ � ìëàäøèé âåêòîð ïðåäñòàâëåíèÿ,
X̂ = R(G)vΛ ∪ {0} � çàìûêàíèå îðáèòû ìëàäøåãî âåêòîðà. Òîãäà X̂ � êî-
íè÷åñêîå àôôèííîå àëãåáðàè÷åñêîå ìíîãîîáðàçèå, à åãî ïðîåêòèâèçàöèÿ X �
îäíîðîäíîå ïðîåêòèâíîå ìíîãîîáðàçèå, âëîæåííîå â ïðîñòðàíñòâî P(V ).

Íåïðèâîäèìûå ïðåäñòàâëåíèÿ ïîëóïðîñòûõ àëãåáð Ëè åñòåñòâåííûì îáðà-
çîì ñîäåðæàòñÿ âíóòðè àëãåáð Êàöà�Ìóäè. Ïóñòü g̃ � àëãåáðà Êàöà�Ìóäè,
ïîñòðîåííàÿ ïî îáîáùåííîé ìàòðèöå Êàðòàíà Ã. Âûäåëèì íåêîòîðóþ âåð-
øèíó äèàãðàììû Äûíêèíà ýòîé àëãåáðû è ïðåäïîëîæèì, ÷òî äèàãðàììà áåç
ýòîé âåðøèíû èìååò êîíå÷íûé òèï. Ïóñòü ei, fi, hi � ñèñòåìà êàíîíè÷åñêèõ
îáðàçóþùèõ àëãåáðû g̃, ãäå e0, f0, h0 ñîîòâåòñòâóþò âûäåëåííîé âåðøèíå. Çà-
äàäèì Z�ãðàäóèðîâêó g̃ =

⊕
k∈Z

g̃k íà àëãåáðå g̃, ïðèñâîèâ ýëåìåíòó e0 ñòåïåíü 1,

ýëåìåíòó f0 ñòåïåíü−1, à îñòàëüíûì îáðàçóþùèì è âñåì ýëåìåíòàì ïîäàëãåá-
ðû Êàðòàíà � ñòåïåíü 0. Òîãäà ñëàãàåìîå g̃0 � ðåäóêòèâíàÿ àëãåáðà Ëè, ïî-
ëóïðîñòóþ ÷àñòü êîòîðîé îáîçíà÷èì ÷åðåç g, à ñëàãàåìîå g̃1 â Z�ãðàäóèðîâêå
ÿâëÿåòñÿ íåïðèâîäèìûì g�ìîäóëåì. Ïðåäñòàâëåíèå g â g̃1 èíòåãðèðóåòñÿ äî
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ïðåäñòàâëåíèÿ ïîëóïðîñòîé ãðóïïû Ëè G. Ýòîé êîíñòðóêöèåé ìîæíî ïîëó-
÷èòü ëþáîå íåïðèâîäèìîå ïðåäñòàâëåíèå ïîëóïðîñòîé ãðóïïû Ëè.

Ìîæíî ïîêàçàòü, ÷òî ïðè ýòîì àëãåáðà L, ñîîòâåòñòâóþùàÿ îðáèòå ìëàä-
øåãî âåêòîðà ïðåäñòàâëåíèÿ G â g̃1, ÿâëÿåòñÿ ôàêòîðàëãåáðîé ïîäàëãåáðû
g̃1 ⊕ g̃2 ⊕ . . . ⊂ g̃.

Òàêèì îáðàçîì, çàäà÷à îïèñàíèÿ àëãåáð, çàäàâàåìûõ êàñàòåëüíûìè íà-
ïðàâëåíèÿìè, ñâîäèòñÿ ê âû÷èñëåíèÿì â àëãåáðàõ Êàöà-Ìóäè. Êðîìå òîãî,
àëãåáðû, çàäàâàåìûå êàñàòåëüíûìè íàïðàâëåíèÿìè ê òàêèì ìíîãîîáðàçèÿì,
óäàåòñÿ îïèñàòü â òåðìèíàõ îáðàçóþùèõ è ñîîòíîøåíèé. Â òåõ ñëó÷àÿõ, êî-
ãäà ñîîòâåòñòâóþùàÿ àëãåáðà Êàöà-Ìóäè êîíå÷íîãî èëè àôôèííîãî òèïà,
ìû ìîæåì ïîëíîñòüþ îïèñàòü ñòðóêòóðó àëãåáðû, çàäàâàåìîé êàñàòåëüíûìè
íàïðàâëåíèÿìè.

Ñïèñîê ëèòåðàòóðû
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ëåíèÿìè ê îäíîðîäíûì ïðîåêòèâíûì ìíîãîîáðàçèÿì. Ìàò. çàìåòêè
114 (2023), no. 5, 1037�1052.

[2] J.-M. Hwang. Geometry of minimal rational curves on Fano manifolds.
School on Vanishing Theorems and E�ective Results in Algebraic
Geometry (Trieste, 2000), ICTP Lect. Notes, 6, Abdus Salam Int. Cent.
Theoret. Phys., Trieste, 2001, 335�393.

[3] J.-M. Hwang, N. Mok. Deformation rigidity of the rational homogeneous
space associated to a long simple root. Ann. Sci. �Ecole Norm. Sup. (4),
35:2 (2002), 173�184.
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Êîìïàêòèôèêàöèè ìîäåëåé ìàòåìàòè÷åñêîé ôèçèêè
À.È. Èëüèí

Ñêîëòåõ, Ìîñêâà, Ðîññèÿ
alex.omsk2@gmail.com

ß ðàññêàæó îá îáùåé ïðîöåäóðå ðàññìîòðåíèÿ âñåõ âîçìîæíûõ ïðåäå-
ëîâ êëàññè÷åñêîé èëè êâàíòîâîé èíòåãðèðóåìîé ìîäåëè. Â êà÷åñòâå ïðèìåðà
áóäóò ðàññìîòðåíû ðàçíûå âåðñèè ìîäåëåé Ãîäåíà (îäíîðîäíàÿ, íåîäíîðîä-
íàÿ, òðèãîíîìåòðè÷åñêàÿ). ß îïèøó ñâÿçü ýòèõ ìîäåëåé ñ êîìïàêòèôèêàöèåé
Äåëèíÿ-Ìàìôîðäà è íîâûì ïðîñòðàíñòâîì ìîäóëåé öâåòî÷íûõ êàêòóñîâûõ
êðèâûõ. Ýòîò äîêëàä îñíîâàí íà ðàáîòå, ïðîâîäèìîé ñ Ë. Ðûáíèêîâûì è
J. Kamnitzer.

Ñïèñîê ëèòåðàòóðû

[1] A. Ilin, J. Kamnitzer, Y. Li, P. Przytycki, L. Rybnikov. The moduli
space of cactus �ower curves and the virtual cactus group. arXiv:
math.AG/2308.06880 (2023).

[2] A. Ilin, J. Kamnitzer, L. Rybnikov. Gaudin models and moduli space of
�ower curves. arXiv: math.AG/24xx.xxxxx (2024).

Î ñâÿçíîñòè ãðóïïû àâòîìîðôèçìîâ
àôôèííîãî òîðè÷åñêîãî ìíîãîîáðàçèÿ

Â.Â. Êèêòåâà
ÍÈÓ ÂØÝ, Ìîñêâà, Ðîññèÿ

VVKikteva@yandex.ru

Äàëåå K � àëãåáðàè÷åñêè çàìêíóòîå ïîëå íóëåâîé õàðàêòåðèñòèêè. Ïóñòü
X � àëãåáðàè÷åñêîå ìíîãîîáðàçèå íàä ïîëåì K, à Aut(X) � ãðóïïà ðåãó-
ëÿðíûõ àâòîìîðôèçìîâ ìíîãîîáðàçèÿ X. Â îáùåì ñëó÷àå ãðóïïà Aut(X) íå
ÿâëÿåòñÿ àëãåáðàè÷åñêîé ãðóïïîé. Îäíàêî äëÿ ïîäãðóïï â ãðóïïå Aut(X)
ìîæíî îïðåäåëèòü ïîíÿòèå ñâÿçíîñòè. Äàííûé òåðìèí áûë ââåäåí â ðàáî-
òå [2], ñì. òàêæå [1].

Èçâåñòíû ïðèìåðû àôôèííûõ òîðè÷åñêèõ ìíîãîîáðàçèé êàê ñî ñâÿçíîé,
òàê è ñ íåñâÿçíîé ãðóïïîé àâòîìîðôèçìîâ. Â [3, ëåììà 4] è [1, òåîðåìà 6] äî-
êàçûâàåòñÿ, ÷òî ãðóïïà àâòîìîðôèçìîâ n-ìåðíîãî àôôèííîãî ïðîñòðàíñòâà
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ïðè ëþáîì íàòóðàëüíîì n ÿâëÿåòñÿ ñâÿçíîé. Ïðèìåðîì àôôèííîãî òîðè÷å-
ñêîãî ìíîãîîáðàçèÿ ñ íåñâÿçíîé ãðóïïîé àâòîìîðôèçìîâ ÿâëÿåòñÿ àëãåáðàè-
÷åñêèé òîð T = (K×)n.

Äîêëàä ñîäåðæèò êðèòåðèé ñâÿçíîñòè ãðóïïû àâòîìîðôèçìîâ àôôèííîãî
òîðè÷åñêîãî ìíîãîîáðàçèÿ â êîìáèíàòîðíûõ òåðìèíàõ è â òåðìèíàõ ãðóïïû
êëàññîâ äèâèçîðîâ ìíîãîîáðàçèÿ. Òàêæå àâòîðîì îïèñàíà ãðóïïà êîìïîíåíò
ãðóïïû àâòîìîðôèçìîâ íåâûðîæäåííîãî àôôèííîãî òîðè÷åñêîãî ìíîãîîá-
ðàçèÿ. Â ÷àñòíîñòè, ïîêàçàíî, ÷òî äëÿ òàêèõ ìíîãîîáðàçèé ÷èñëî êîìïîíåíò
ñâÿçíîñòè ãðóïïû àâòîìîðôèçìîâ êîíå÷íî.

Ñïèñîê ëèòåðàòóðû
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Transform. Groups 19 (2014), no. 2, 549�568.

[2] C. Ramanujam. A note on automorphism group of algebraic varieties.
Math. Ann. 156 (1964), 25�33.
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Ãèïîòåçà Äæîíñà äëÿ óçëîâ íà 4 íèòÿõ
Ä.Â. Êîðçóí , Å.Í. Ëàíèíà, À.Â. Ñëåïöîâ

ÍÈÓ ÌÔÒÈ, Ìîñêâà, Ðîññèÿ
Korzun.DV@phystech.edu

Äîêëàä îñíîâàí íà ðàáîòå àâòîðîâ [1].
Ïîëèíîì Äæîíñà J(q) îäèí èç ñàìûõ èçâåñòíûõ è ñèëüíûõ ïîëèíîìèàëü-

íûõ èíâàðèàíòîâ óçëîâ. Îòêðûò îí áûë â 1984 ãîäó [2], íî äî ñèõ ïîð íåèç-
âåñòíî, ðàçëè÷àåò ëè îí òðèâèàëüíûé óçåë. Ãèïîòåçà Äæîíñà çàêëþ÷àåòñÿ â
ïðåäïîëîæåíèè, ÷òî ðàçëè÷àåò, íî ïðîâåðåíà îíà òîëüêî äëÿ îòäåëüíûõ êëàñ-
ñîâ óçëîâ. Íàïðèìåð, äëÿ òåõ, ÷òî ïîëó÷àþòñÿ çàìûêàíèåì êîñ íà 2 è 3 íèòÿõ
[3]. Ìû æå â ñâîåé ðàáîòå ñîñðåäîòî÷èëèñü íà óçëàõ íà 4 íèòÿõ. Âî-ïåðâûõ,
ýòî ïðîñòåéøèé èç íåèññëåäîâàííûõ ñëó÷àåâ ñ òî÷êè çðåíèÿ ïðåäñòàâëåíèÿ
óçëîâ â âèäå êîñ. Âî-âòîðûõ, ïðîáëåìà Äæîíñà íà 4 íèòÿõ ñâÿçàíà ñ êëàñ-
ñè÷åñêèì âîïðîñîì î òî÷íîñòè ïðåäñòàâëåíèÿ Áóðàó ãðóïïû êîñ íà 4 íèòÿõ
[4]. Ñ. Áèãåëîó óäàëîñü ïîêàçàòü, ÷òî åñëè ïðåäñòàâëåíèå Áóðàó íà 4 íèòÿõ
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íåòî÷íîå, òî ñóùåñòâóåò íåòðèâèàëüíûé óçåë ñ òðèâèàëüíûì íå òîëüêî ïîëè-
íîìîì Äæîíñà, íî è ïîëèíîìàìè Àëåêñàíäåðà è ÕÎÌÔËÈ-ÏÒ (îáîáùåíèåì
Äæîíñà íà 2 ïåðåìåííûå).

Ìû æå ïîäîøëè ê ïðîáëåìå Äæîíñà ñ äðóãîé ñòîðîíû è ðàññìîòðåëè ñëó-
÷àé ãèïîòåòè÷åñêèõ óçëîâ íà 4 íèòÿõ ñ òðèâèàëüíûì ïîëèíîìîì Äæîíñà è
íåòðèâèàëüíûì ÕÎÌÔËÈ-ÏÒ. Â ðàìêàõ äàííîãî ïîäõîäà ìû ðàññìîòðåëè
óñëîâèÿ, êîòîðûå íàêëàäûâàþòñÿ íà äèôôåðåíöèàëüíîå ðàçëîæåíèå è ðàç-
ëîæåíèå ïî õàðàêòåðàì äëÿ ÕÎÌÔËÈ-ÏÒ èç òðåáîâàíèÿ íà óäîâëåòâîðåíèÿ
øèðèíû ïîëèíîìà ÕÎÌÔËÈ-ÏÒ ïî âòîðîé ïåðåìåííîé spanAH

K(q, A) è èí-
äåêñà êîñû bK íåðàâåíñòâó Ìîðòîíà-Ôðàíêà-Óèëüÿìñà [5]:

1

2

(
spanAH

K(q, A)
)
≤ bK − 1. (1)

Èç ýòîãî íàìè áûëè ïîëó÷åíû ñëåäóþùèå óòâåðæäåíèÿ.

Òåîðåìà. Íå ñóùåñòâóåò íåòðèâèàëüíîãî óçëà íà 4 íèòÿõ ñ òðèâè-
àëüíûìè ïîëèíîìàìè Äæîíñà è Àëåêñàíäåðà è íåòðèâèàëüíûì ïîëèíîìîì
ÕÎÌÔËÈ-ÏÒ. Åñëè íå òðåáîâàòü òðèâèàëüíîñòè Àëåêñàíäåðà, òî ó ãèïî-
òåòè÷åñêåãî ñåìåéñòâà óçëîâ ñ òðèâèàëüíûìè ïîëèíîìàìè Äæîíñà ïîëè-
íîìû ÕÎÌÔËÈ-ÏÒ áóäóò èìåòü îïðåäåë¼ííûå çíà÷åíèÿ.

HK(q, A) = 1 + (A2 − q2)(A2 − q4)(A2 − q−2)(A2 − q−4) · FK(q, A), (2)

ãäå öèêëîòîìè÷åñêèå ôóíêöèè â äèôôåðåíöèàëüíîì ðàçëîæåíèå ïðèíè-
ìàþò ñëåäóþùèé âèä ïðè íåîòðèöàòåëüíîì öåëîì m, êîòîðàÿ âûðàæà-
åòñÿ ÷åðåç àëãåáðàè÷åñêóþ ñóììó çàöåïëåíèé óçëà â ïðåäñòàâëåíèè êîñû
m = W−5

2 .

FKm = −
m∑
j=0

[2j + 4]q[j + 3]q[j + 1]q
[3]q[4]q

A−2j−8 ,

F̄ K̄m = −
m∑
j=0

[2j + 4]q[j + 3]q[j + 1]q
[3]q[4]q

A2j .

(3)

Åñëè ïîëèíîì FKm ñîîòâåòñòâóåò íåêîòîðîìó ðåàëüíîìó óçëó Km,òî ïî-
ëèíîì F̄ K̄m áóäåò ñîîòâåòñòâîâàòü óçëó K̄m, êîòîðûé çåðêàëåí ê Km.

Äàííûé ïîäõîä ìû íåñëîæíûì îáðàçîì îáîáùèëè íà óçëû íà áîëüøåì
÷èñëå íèòåé, îäíàêî â ýòîì ñëó÷àå íàì ïðèøëîñü òðåáîâàòü òðèâèàëüíîñòü
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îò ðåäóöèðîâàííûõ ïîëèíîìîâ ÕÎÌÔËÈ-ÏÒ, òî åñòü èíâàðèàíòîâ ïðè ôèê-
ñèðîâàííûõ âòîðûõ ïåðåìåííûõ A = qN . Äëÿ íå÷¼òíîãî ÷èñëà íèòåé íåîáõî-
äèìî òàêæå äîáàâèòü óñëîâèå íà òðèâèàëüíîñòü ïîëèíîìà Àëåêñàíäåðà.

Ñðàçó âîçíèêàåò âîïðîñ, êàê óáåäèòüñÿ, ÷òî äàííûì ïîëèíîìàì ñîîòâåò-
ñòâóþò êàêèå-òî ðåàëüíûå óçëû? Äëÿ ýòîãî ìû ðàçðàáîòàëè íåñêîëüêî ïðî-
âåðîê, ñðàâíèëè ðàçëîæåíèÿ ïî õàðàêòåðàì è èíâàðèàíòàì Âàñèëüåâà ñ ïî-
ëó÷èâøèìñÿ äèôôåðåíöèàëüíûì ðàçëîæåíèåì, ðàññìîòðåëè äîáàâëåíèå òî-
ïîëîãè÷åñêîé íàêðóòêè â ïðîèçâîëüíîé ÷¼òíîé ñòåïåíè. Îêàçàëîñü, ÷òî âñå
õàðàêòåðèñòè÷åñêèå êîýôôèöèåíòû, êîòîðûå ÿâëÿþòñÿ ñëåäîìR-ìàòðè÷íîãî
ïðåäñòàâëåíèÿ óçëà, ïàðàìåòðèçóþòñÿ äâóõêîìïîíåíòíûì çàöåïëåíèåì íà 3
íèòÿõ. Ïîñêîëüêó R-ìàòðèöû ÿâëÿþòñÿ óíèòàðíûìè íà íåêîòîðûõ êîðíÿõ èç
åäèíèöû, òî è ñîáñòâåííûå çíà÷åíèÿ R-ìàòðè÷íîãî ïðåäñòàâëåíèÿ íà ýòèõ
êîðíÿõ äîëæíû ëåæàòü íà åäèíè÷íîé îêðóæíîñòè. Ïðîâåðêîé ýòîãî óñëî-
âèÿ íàì óäàëîñü îòáðîñèòü áîëüøîå ÷èñëî äâóõêîìïîíåíòíûõ çàöåïëåíèé
äëÿ ïåðâûõ íåñêîëüêèõ óðîâíåé íàøèõ ïîëèíîìîâ. Ïðè ýòîì, ÷àñòü òàêèõ
çàöåïëåíèé óêàçàííûå ïðîâåðêè ïðîõîäèò.

Òàêèì îáðàçîì, íàìè áûëè ïîëó÷åíû íîâûå îãðàíè÷åíèÿ íà ãèïîòåòè-
÷åñêèé âèä óçëîâ íà 4 íèòÿõ, ðåøàþùèõ ïðîáëåìó Äæîíñà, è ïîëèíîìîâ
ÕÎÌÔËÈ-ÏÒ äëÿ íèõ.

Ñïèñîê ëèòåðàòóðû

[1] D. Korzun, E. Lanina, A. Sleptsov. Closed 4-braids and the Jones unknot
conjecture. arXiv: math.GT/2402.02553 (2024).

[2] V. F. R. Jones. Hecke Algebra Representations of Braid Groups and Link
Polynomials Annals of Mathematics 126 (1987), no. 2, 335�388.

[3] A. Stoimenow. Properties of closed 3-braids and braid representations of
links. Springer, 2017.

[4] S. Bigelow. Does the Jones polynomial detect the unknot? Journal of
Knot Theory and Its Rami�cations 11 (2002), no. 4, 493�505.

[5] H. R. Morton. Mutant knots. New ideas in low dimensional topology,
2015, 379�412.

17



Àëãåáðû âåòâëåíèÿ îñîáûõ ïðîñòûõ ãðóïï Ëè
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Ïóñòü G � ñâÿçíàÿ ïîëóïðîñòàÿ êîìïëåêñíàÿ ãðóïïà Ëè,H ⊂ G � åå ñâÿç-
íàÿ ïîëóïðîñòàÿ ïîäãðóïïà. Ðàññìîòðèì êîìïëåêñíîå êîíå÷íîìåðíîå íåïðè-
âîäèìîå ðàöèîíàëüíîå ïðåäñòàâëåíèå R : G → GL(V ). Åãî îãðàíè÷åíèå íà
H óæå, âîîáùå ãîâîðÿ, íå áóäåò íåïðèâîäèìûì, à ðàçëîæèòñÿ â ñóììó íåïðè-
âîäèìûõ H-ïðåäñòàâëåíèé:

R|H = R1 ⊕R2 ⊕ · · · ⊕Rk,

ãäå Ri � íåïðèâîäèìûå ïðåäñòàâëåíèÿ ãðóïïû H. Íàáîð ñëàãàåìûõ â ýòîì
ðàçëîæåíèè îïðåäåëåí îäíîçíà÷íî ñ òî÷íîñòüþ äî èçîìîðôèçìà.
Îïðåäåëåíèå. Çàôèêñèðóåì ïàðó ãðóïï H ⊂ G. Òîãäà çàäà÷åé âåòâ-

ëåíèÿ íàçûâàåòñÿ çàäà÷à ïîëó÷åíèÿ òàêîãî ðàçëîæåíèÿ äëÿ ïðîèçâîëüíîãî
íåïðèâîäèìîãî ïðåäñòàâëåíèÿ R ãðóïïû G. Îòâåò ê ýòîé çàäà÷å íàçûâàåòñÿ
ïðàâèëîì âåòâëåíèÿ.

Ââèäó êëàññèôèêàöèè ïîëóïðîñòûõ ãðóïï, â ïåðâóþ î÷åðåäü çàäà÷ó âåòâ-
ëåíèÿ ñòîèò ðàññìàòðèâàòü äëÿ ïðîñòûõ ãðóïï. Äëÿ êëàññè÷åñêèõ ïðîñòûõ
ãðóïï ïðàâèëà âåòâëåíèÿ èçâåñòíû óæå äîñòàòî÷íî äàâíî: ñëó÷àé óíèìîäó-
ëÿðíîé ãðóïïû áûë ðåøåí Ã. Âåéëåì [2], îðòîãîíàëüíîé ãðóïïû È.Ì. Ãåëü-
ôàíäîì è Ì.Ë. Öåòëèíûì [4], äëÿ ñèìïëåêòè÷åñêîé ãðóïïû Ä.Ï. Æåëîáåíêî
[3]. Îäíàêî äëÿ áîëüøèíñòâà îñîáûõ ïðîñòûõ ãðóïï G2, F4, E6, E7, E8 ïðàâèëî
âåòâëåíèÿ íå áûëî ïîëó÷åíî äî ñèõ ïîð.

Â ñâîåì äîêëàäå ÿ ðàññêàæó î ãåîìåòðè÷åñêîì ïîäõîäå ê ïîëó÷åíèþ ïðà-
âèë âåòâëåíèÿ, êîòîðûé ïîäõîäèò äëÿ ëþáûõ ïàð ïîëóïðîñòûõ ãðóïï H ⊂ G.
Ìåòîä îñíîâàí íà îïèñàíèè òàê íàçûâàåìîé àëãåáðû âåòâëåíèÿ.

Ïóñòü TH ⊂ T � ìàêñèìàëüíûå òîðû â H è G ñîîòâåòñòâåííî, UH ⊂ U

� ìàêñèìàëüíûå óíèïîòåíòíûå ïîäãðóïïû, íîðìàëèçóåìûå ýòèìè òîðàìè â
H è G. Çà U− îáîçíà÷èì ïðîòèâîïîëîæíóþ ê U ìàêñèìàëüíóþ óíèïîòåíò-
íóþ ïîäãðóïïó. Ðàññìîòðèì äåéñòâèå ãðóïïû G × G íà àëãåáðå ðåãóëÿðíûõ
ôóíêöèé C[G] ñäâèãàìè àðãóìåíòà

((g, h) · f)(x) = f(g−1xh), ∀g, h ∈ G, f ∈ C[G].

Òîãäà àëãåáðîé âåòâëåíèÿ áóäåò íàçûâàòüñÿ àëãåáðà èíâàðèàíòîâ C[G]U−×UH

îòíîñèòåëüíî ýòîãî äåéñòâèÿ.
Ñ ïîìîùüþ äåéñòâèÿ T×TH ìû ââåäåì íà àëãåáðå âåòâëåíèÿ åñòåñòâåííóþ

ãðàäóèðîâêó è ïîêàæåì, ïî÷åìó îïèñàíèå àëãåáðû âåòâëåíèÿ â îäíîðîäíûõ
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îáðàçóþùèõ è ñîîòíîøåíèÿõ (îòíîñèòåëüíî ýòîé ãðàäóèðîâêè) ýêâèâàëåíòíî
âûâîäó ïðàâèëà âåòâëåíèÿ. Äàëåå ìû îáñóäèì ãåîìåòðè÷åñêèé ìåòîä, ñ ïî-
ìîùüþ êîòîðîãî ìîæíî óäîáíî ïîëó÷àòü ïîäîáíîãî ðîäà îïèñàíèÿ àëãåáðû
âåòâëåíèÿ. Â çàâåðøåíèè ÿ ñôîðìóëèðóþ ïîëó÷åííûå ñ ïðèìåíåíèåì äàííîãî
ìåòîäà ðåçóëüòàòû äëÿ âåòâëåíèÿ ñ îñîáîé ãðóïïû G2 íà A2 è ñ F4 íà B4.
Òåîðåìà (Àëãåáðà âåòâëåíèÿ c G2 íà A2). Â êëàññå êîììóòàòèâíûõ àññî-

öèàòèâíûõ àëãåáð ñ åäèíèöåé àëãåáðà âåòâëåíèÿ c G2 íà A2 çàäàåòñÿ òàêèìè
îáðàçóþùèìè è ñîîòíîøåíèÿìè

C[G]U−×UH ≃ C[f1, f2, f3, f4, f5, f6| f1f2 + f3f4 + f5f6 = 0].

Òåîðåìà (Àëãåáðà âåòâëåíèÿ c F4 íà B4). Â êëàññå êîììóòàòèâíûõ àññî-
öèàòèâíûõ àëãåáð ñ åäèíèöåé àëãåáðà âåòâëåíèÿ c F4 íà B4 çàäàåòñÿ òàêèìè
îáðàçóþùèìè è ñîîòíîøåíèÿìè

C[G]U−×UH ≃ C[f1, f2, . . . , f20| 27 ñîîòíîøåíèé].

Â îáåèõ òåîðåìàõ ïîðîæäàþùèå ïîëóèíâàðèàíòíû îòíîñèòåëüíî äåéñòâèÿ
T × TH è èõ âåñà èçâåñòíû.

Ñòîèò îòìåòèòü, ÷òî ïðàâèëî âåòâëåíèÿ ñ G2 íà A2 áûëî ïîëó÷åíî ðàíåå
Ä. Ïàíþøåâûì è Ä. Àõèåçåðîì â [1]. Àâòîðû ïîëó÷èëè îòâåòû äëÿ ýòîé è
äðóãèõ ïàð ãðóïï ñëîæíîñòè cG(G/BH) ⩽ 1, èñïîëüçóÿ îöåíêè äëÿ ðàçìåðíî-
ñòåé îäíîðîäíûõ ïðîñòðàíñòâ àëãåáðû âåòâëåíèÿ. Ðåçóëüòàò æå äëÿ ãðóïïû
F4 ÿâëÿåòñÿ íîâûì.
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¾Èñ÷èñëåíèå òýíãëàìè¿ äëÿ ïîëèíîìîâ Õîâàíîâà
Å.Í. Ëàíèíà

ÍÈÓ ÌÔÒÈ, ÍÈÖ Êóð÷àòîâñêèé èíñòèòóò, Ìîñêâà, Ðîññèÿ
lanina.en@phystech.edu

Äîêëàä îñíîâàí íà ðàáîòå àâòîðà [1]. Â ðàìêàõ äàííîé ðàáîòû ìû èçó÷à-
ëè, ðàáîòàåò ëè òåõíèêà ¾èñ÷èñëåíèÿ òýíãëàìè¿ äëÿ ïîëèíîìîâ Õîâàíîâà è
êàêèì îáðàçîì. Îïèøåì ñíà÷àëà ñàìó òåõíèêó, à òàêæå åå ïðèìåíåíèå äëÿ
êâàíòîâûõ èíâàðèàíòîâ óçëîâ ñåðèè slN � öâåòíûõ ïîëèíîìîâ ÕÎÌÔËÈ,
ïðåäâàðèòåëüíî ââåäÿ íåêîòîðûå îáúåêòû.

Ðàññìîòðèì ïðîñòðàíñòâà ïðåäñòàâëåíèé àëãåáðû Uq(slN) VRi
, i = 1, . . . ,m.

Îïðåäåëåíèå 1 R-ìàòðèöû � ýòî îáðàòèìûå ëèíåéíûå îïåðàòîðû, îïðå-
äåëÿåìûå

Ri = 1VR1
⊗ 1VR2

⊗ . . .⊗ P Ři,i+1 ⊗ . . .⊗ 1VRm
∈ End (VR1 ⊗ . . . ,⊗VRm) , (1)

ãäå P (x⊗ y) = y ⊗ x è Ř � óíèâåðñàëüíàÿ R-ìàòðèöà.
Õîðîøî èçâåñòíî, ÷òî Ri, i = 1, . . . ,m çàäàþò ïðåäñòàâëåíèå ãðóïïû êîñ

Bm íà m íèòÿõ:

π : Bm → End (VR1 ⊗ . . .⊗ VRm) , π (σi) = Ri . (2)

Ïóñòü L � çàöåïëåíèå ñ L êîìïîíåíòàìè K1, . . . ,KL, à βL ∈ Bm � íåêî-
òîðàÿ êîñà èç m íèòåé, çàìûêàíèå êîòîðîé äàåò L. Ñ êàæäîé êîìïîíåíòîé
çàöåïëåíèÿ àññîöèèðóåì ïðîñòðàíñòâà íåïðèâîäèìûõ êîíå÷íîìåðíûõ ïðåä-
ñòàâëåíèé VR1

, . . . , VRL
àëãåáðû Uq(slN).

Îïðåäåëåíèå 2 Öâåòíîé ïîëèíîì ÕÎÌÔËÈ (¾ðàñêðàøåííûé¿ ïðåäñòàâ-
ëåíèÿìè R1, . . . , RL) � ýòî êâàíòîâûé èíâàðèàíò çàöåïëåíèÿ L, îïðåäåëÿå-
ìûé ñëåäóþùèì îáðàçîì:

HL
R1,...,RL

= q trVR1
⊗···⊗VRm

(π (βL)) , (3)

ãäå q tr � êâàíòîâûé ñëåä.
Â ¾èñ÷èñëåíèè òýíãëàìè¿ çàöåïëåíèå ïîëó÷àåòñÿ ïóòåì ñêëåèâàíèÿ èç

òýíãëîâ. Êàæäîìó òýíãëó ìîæíî ñîïîñòàâèòü íåêîòîðóþ ðàöèîíàëüíóþ ôóíê-
öèþ èëè ìàòðèöó, êîòîðàÿ âõîäèò â ðåçóëüòèðóþùèé ïîëèíîì ÕÎÌÔËÈ â
êà÷åñòâå ôàêòîðà. Ñêëåèâàíèå òýíãëîâ ïðèâîäèò ê ñóììèðîâàíèþ ïî íåïðè-
âîäèìûì ïðåäñòàâëåíèÿì ïðîìåæóòî÷íûõ ñîñòîÿíèé â ïîëèíîìå çàöåïëåíèÿ.
Îïèñàííûé âûøå ïîäõîä Ðåøåòèõèíà�Òóðàåâà îáúÿñíÿåò, êàê ñòðîèòü ïî-
ëèíîìû ÕÎÌÔËÈ èç òýíãëîâ, ñâÿçàííûõ ñ ýëåìåíòàðíûìè âåðøèíàìè �
R-ìàòðèöàìè. Îäíàêî âû÷èñëåíèå êâàíòîâûõ èíâàðèàíòîâ óçëîâ ìåòîäîì
Ðåøåòèõèíà�Òóðàåâà ñòàíîâèòñÿ ÷ðåçâû÷àéíî òðóäíûì ïðè óñëîæíåíèè óç-
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K̃

. . .

n crossings (n odd)︷ ︸︸ ︷
↑ ↑SK̃

torn =

K̃

. . .

n crossings (n even)︷ ︸︸ ︷
T ↑ ↓SK̃

twn
=

Ðèñ. 1: Äâà ñåìåéñòâà ñàòåëëèòîâ Óàéòõåäà. Òýíãë T íàçûâàåòñÿ ¾çàìêîâûì¿. Âîçìîæíûé âèä K̃ ïîêà-
çàí íà ðèñ. 2. Çàìåòèì, ÷òî îïðåäåëåíèå ýòèõ ñàòåëëèòîâ âêëþ÷àåò íå ïðîñòî óçåë K, à åãî êîíêðåòíóþ
äèàãðàììå K̃. Îäíàêî çàâèñèìîñòü îò äèàãðàììû ïðîñòàÿ. Îíà ìîæåò áûòü óñòðàíåíà ñäâèãîì n íà 2wK̃,
ãäå wK̃ � àëãåáðàè÷åñêîå ÷èñëî ïåðåñå÷åíèé äèàãðàììû (ðàçíèöà ìåæäó ÷èñëîì ïîëîæèòåëüíûõ è îòðè-

öàòåëüíûõ ïåðåñå÷åíèé â K̃): STn
(K) := SK̃Tn−2w

K̃

íå çàâèñèò îò äèàãðàììû óçëà, ãäå T = tor èëè T = tw

ëà è ïðåäñòàâëåíèÿ. Ê ñ÷àñòüþ, áîëüøàÿ ÷àñòü èçâåñòíûõ óçëîâ èç òàáëè-
öû Ðîëüôñåíà âêëàäûâàþòñÿ â ñåìåéñòâà óçëîâ, êîòîðûå ìîæíî ðàçáèòü íà
òýíãëû óíèâåðñàëüíîãî âèäà, ñîñòîÿùèå èç íåñêîëüêèõ ïåðåñå÷åíèé. Âêëàäû
ýòèõ òýíãëîâ ìîæíî âû÷èñëèòü èç êâàíòîâûõ èíâàðèàíòîâ ïðîñòåéøèõ óç-
ëîâ ñåìåéñòâà è ïîòîì èñïîëüçîâàòü äëÿ âû÷èñëåíèé áîëåå ñëîæíûõ óçëîâ.
Â êà÷åñòâå ïðèìåðà ðàññìîòðèì óçëû-ñàòåëëèòû Óàéòõåäà, ñì. ðèñ. 1, äëÿ
êîòîðûõ ïîëèíîìû ÕÎÌÔËÈ ìîæíî ïîñ÷èòàòü ïî ñëåäóþùèì ôîðìóëàì:

H
SK̃twn
□ = T∅ +

λ−n
adj︷ ︸︸ ︷

(−A)−n ·

qdimadj︷ ︸︸ ︷
{Aq}{A/q}

{q}2
·Tadj · (−A)−2w

K̃HK
adj ,

H
SK̃torn
□ =

( q

A

)−n
·

qdim[2]︷ ︸︸ ︷
{A}{Aq}
{q}{q2}

·
( q

A

)−2w
K̃
HK

[2] +

(
− 1

qA

)−n

·

qdim[1,1]︷ ︸︸ ︷
{A}{A/q}
{q}{q2}

·
(
− 1

qA

)−2w
K̃

HK
[1,1] ,

(4)

ãäå HK
R =

HK
R

qdim(R) � ðåäóöèðîâàííûé ïîëèíîì ÕÎÌÔËÈ, qdim(R) � êâàí-
òîâàÿ ðàçìåðíîñòü. Çàìåòèì, ÷òî çäåñü âûðàæåíèÿ TR, ñîîòâåòñòâóþùèå ¾çàì-
êîâûì¿ áëîêàì, ìîãóò áûòü âû÷èñëåíû èç ñàìûõ ïðîñòûõ óçëîâ ñåìåéñòâà �
òâèñòîâàííûõ óçëîâ.

Äëÿ ñàòåëëèòîâ Óàéòõåäà STn
(K) ñ ðèñ. 1 äëÿ óçëîâ K èç òàáëèöû 1 ìû

ïîñ÷èòàëè ïîëèíîìû Õîâàíîâà � t-äåôîðìàöèþ ïîëèíîìîâ Äæîíñà (ïîëèíî-
ìîâ ÕÎÌÔËÈ äëÿ sl2) â ôóíäàìåíòàëüíîì ïðåäñòàâëåíèè. Îêàçàëîñü, ÷òî
ìåòîä ¾èñ÷èñëåíèÿ òýíãëàìè¿, ïî êðàéíåé ìåðå, äëÿ ïåðå÷èñëåííûõ â òàáëè-
öå óçëîâ ðàáîòàåò, è äëÿ ïîëèíîìîâ Õîâàíîâà ìû èìååì t-äåôîðìèðîâàííûå
ôîðìóëû () ïðè A = q2:
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Ðèñ. 2: 2-êàáëèðîâàííûé óçåë-òðèëèñòíèê êàê ïðèìåð âîçìîæíîé äèàãðàììû K̃ íà ðèñ. 1

K 31 41 51 52 61 62 63 71 72 73 74 75 76 77 81 819 820 821 91
tor3 = tw−2 tw2 tor5 tw−4 tw4 tor7 tw−6 tw6 T [3, 4] tor9

ShK 3 0 6 3 0 3 0 9 3 6 3 6 3 0 0 8 0 3 12

RSIK 2 0 4 2 0 2 0 6 2 4 2 4 2 0 0 6 0 2 8

Kh
SK̃twn−2w

K̃ =

τ∅︷ ︸︸ ︷
(−t)θ(n+2ShK) · q2 1 + q4t2

1− q2t

τadj︷ ︸︸ ︷
− t−1 1 + q6t3

1− q2t
·

λ−n
adj︷ ︸︸ ︷

(q2t)−n ·KhKadj ,

Kh
SK̃torn−2w

K̃ =

µ[1,1]︷ ︸︸ ︷
(−t)θ(n+2ShK) · q

1− q2t
·

λn
[1,1]︷ ︸︸ ︷

(q3t)n +

µadj︷ ︸︸ ︷
q4t2 − q2t+ 1

qt (q2t− 1)
·

λn
[2]︷︸︸︷
qn ·KhKadj ,

(5)

ãäå ïîä÷åðêíóòû âåëè÷èíû, èñïûòûâàþùèå ñêà÷êè ïî ïàðàìåòðàì óçëà.
Çäåñü ShK � íîâûé ââåäåííûé íàìè èíâàðèàíò óçëà, êîòîðûé ìîæíî ïîëó-
÷èòü èç ðåäóöèðîâàííîãî ïîëèíîìà Õîâàíîâà óçëà K, êàê ìû ïîêàçûâàåì â
íàøåé ðàáîòå [1].

Íåòðèâèàëüíûì ïðèëîæåíèåì ìåòîäà ¾èñ÷èñëåíèÿ òýíãëàìè¿ ÿâëÿåòñÿ âîç-
ìîæíîñòü ïîëó÷åíèÿ öâåòíûõ ïîëèíîìîâ óçëîâ. Íàïðèìåð, èç ôîðìóë (4), (5)
ìîæíî âûðàçèòü ñîîòâåòñòâóþùèå êâàíòîâûå èíâàðèàíòû óçëîâ â ïðèñîåäè-
íåííîì ïðåäñòàâëåíèè. Äëÿ öâåòíûõ ïîëèíîìîâ ÕÎÌÔËÈ èçâåñòíî ìíîæå-
ñòâî îòâåòîâ äëÿ ðàçíûõ óçëîâ èç òàáëèöû Ðîëüôñåíà è äàæå äëÿ íåïðÿ-
ìîóãîëüíûõ ïðåäñòàâëåíèé, à òàêæå íåñêîëüêî íåïåðòóðáàòèâíûõ ìåòîäîâ
èõ âû÷èñëåíèÿ. Îäíàêî äëÿ èõ t-äåôîðìèðîâàííûõ àíàëîãîâ � öâåòíûõ ïî-
ëèíîìîâ Õîâàíîâà�Ðîæàíñêîãî, ïðàêòè÷åñêîãî ìåòîäà âû÷èñëåíèÿ àâòîðó íå
áûëî èçâåñòíî. Äàæå èñõîäíîå îïðåäåëåíèå ¾íåðàñêðàøåííîãî¿ (¾ðàñêðàøåí-
íîãî¿ ôóíäàìåíòàëüíûì ïðåäñòàâëåíèåì) ïîëèíîìà Õîâàíîâà�Ðîæàíñêîãî
îñíîâûâàåòñÿ íà âû÷èñëåíèè êîãîìîëîãèé êîìïëåêñà, ïîñòðîåííîãî ïî óç-
ëó, ÷òî äåëàåò åãî âû÷èñëåíèå êðàéíå òðóäîåìêèì äàæå ïðè èñïîëüçîâà-
íèè ñîâðåìåííûõ êîìïüþòåðíûõ ìîùíîñòåé. Ïðè ¾îêðàøèâàíèè¿ ïîëèíî-
ìà Õîâàíîâà�Ðîæàíñêîãî ðàçìåðíîñòè îòîáðàæàåìûõ ïðîñòðàíñòâ è ñëîæ-
íîñòü äèôôåðåíöèàëîâ â ñîîòâåòñòâóþùèõ êîìïëåêñàõ ñèëüíî âîçðàñòàåò,
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K 92 942 943 101 10124 10128 10132 10136 10139 10145 10152 10153 14n21881

tw−8 tw8 T [3, 5] T [3, 7]
ShK 3 0 6 0 11 8 3 0 11 6 11 0 16

RSIK 2 0 4 0 8 6 2 0 8 4 8 0 12

Òàáëèöà 1: Óçëû, èõ èíâàðèàíòû Ðàñìóññåíà RSIK è èíâàðèàíòû ShK. Òîðè÷åñêèå óçëû îáîçíà÷åíû
êàê T [l,m]. Äëÿ êðàòêîñòè óçëû T [2, k] â òåêñòå îáîçíà÷àþòñÿ êàê tork

÷òî äåëàåò ïðàêòè÷åñêîå âû÷èñëåíèå äàæå äëÿ ïåðâîãî íåòðèâèàëüíîãî óçëà-
òðèëèñòíèêà êðàéíå ñëîæíûì. Íàø æå ìåòîä ïîçâîëÿåò âû÷èñëÿòü öâåòíûå
ïîëèíîìû Õîâàíîâà èç ¾íåðàñêðàøåííûõ¿ ïîëèíîìîâ Õîâàíîâà, ÷òî çíà÷è-
òåëüíî óïðîùàåò âû÷èñëåíèÿ.

Áîëåå òîãî, îêàçûâàåòñÿ, ÷òî èç ôîðìóëû (5) ìîæíî âûäåëèòü öâåòíûå ïî-
ëèíîìû Õîâàíîâà, íå èñïûòûâàþùèå ñêà÷êîâ ïî ïàðàìåòðó n, à òàêæå ÿâëÿ-
þùèåñÿ ïîëèíîìàìè ñ ïîëîæèòåëüíûìè êîýôôèöèåíòàìè, ÷òî ñîîòâåòñòâóåò
êîãîìîëîãè÷åñêîìó îïðåäåëåíèþ ïîëèíîìîâ Õîâàíîâà:

KhSTn(K) = KhTn+2ShK + cT · λ−n
adj · Kh

K
adj , ãäå ctor = µadj è ctw = τadj. (6)

Ñïèñîê ëèòåðàòóðû

[1] A. Anokhina, E. Lanina, A. Morozov. Towards tangle calculus for
Khovanov polynomials. Nuclear Physics B 998 (2023), 116403.
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Â ðàçâèòèè àëãåáðàè÷åñêîé ãåîìåòðèè òðàäèöèîííî âûäåëÿþò äâà áîëü-
øèõ ýòàïà. Ïåðâûé � êëàññè÷åñêàÿ ãåîìåòðèÿ, ðàçðàáîòàííàÿ â êîíöå 19 âåêà
Ðèìàíîì, èñïîëüçóþùåãî òåîðåòèêî-ôóíêöèîíàëüíûé ÿçûê, Áðèëëåì è Í¼-
òåðîì, èñïîëüçóþùèå áîëåå ãåîìåòðè÷åñêèé ÿçûê è Êðîíåêåðîì, Äåäåêèíäîì
è Âåáåðîì ñ ÷èñòî àëãåáðàè÷åñêèì ïîäõîäîì. Â äàëüíåéøåì, îñíîâûâàÿñü íà
óæå íàðàáîòàííûõ èäåÿõ, èòàëüÿíñêàÿ øêîëà Êàñòåëüíóîâî, Ýíåðèêâåñà è
Ñåâåðè ñìîãëà âûïîëíèòü îäíó èç ãëàâíûõ çàäà÷ òåîðèè � îíè êëàññèôèöè-
ðîâàëè àëãåáðàè÷åñêèå ïîâåðõíîñòè, ÷òî ñòàëî ãëàâíûì èòàëüÿíñêèì äîñòè-
æåíèåì â ýòîé îáëàñòè.

Ñîâðåìåííûé ïîäõîä ê àëãåáðàè÷åñêîé ãåîìåòðèè íà÷àëñÿ ñ ðàáîò ×æîó,
Âåéëÿ è Çàðèñêîãî â íà÷àëå 20 âåêà. È óæå ñîâñåì ñêîðî ïîñëå ýòîãî Ñåðð
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è Ãðîòåíäèê îñíîâàëè çíàìåíèòóþ ôðàíöóçñêóþ øêîëó, êîòîðàÿ ïåðåñìîò-
ðåëà îñíîâàíèÿ àëãåáðàè÷åñêîé ãåîìåòðèè â òåðìèíàõ ñõåì è êîãîìîëîãèé.
Èñïîëüçóÿ íîâûé ÿçûê, èì óäàëîñü â êîðîòêèé ïðîìåæóòîê âðåìåíè ðåøèòü
îãðîìíîå êîëè÷åñòâî îòêðûòûõ ñòàðûõ ïðîáëåì. Ýòîò ïîäõîä ïðåäñòàâëÿåò
ñîáîé ñèñòåìàòè÷åñêîå îïèñàíèå âñåõ ïðîöåññîâ, ïðîõîäÿùèõ ïðè èçó÷åíèè
ìíîãîîáðàçèé, ïðè ýòîì ðàçðàáàòûâàåòñÿ òåõíèêà, êîòîðàÿ ðàáîòàåò íàä ïðî-
èçâîëüíûì êîììóòàòèâíûì êîëüöîì è íå çàâèñèò îò îñîáåííîñòåé êîíêðåò-
íûõ ïîëåé, ôóíêöèé íà ìíîãîîáðàçèÿõ, òî÷åê è äð.

Îäíàêî, ó òàêîãî ïîäõîäà åñòü ñâîé îãðîìíûé íåäîñòàòîê � îí, ïîäîáíî
ÿçûêó òåîðèè êàòåãîðèé, äà¼òñÿ ñ òðóäîì íà÷èíàþùèì ìàòåìàòèêàì. Íåîá-
õîäèìî íå òîëüêî ïîíÿòü è âûó÷èòü îãðîìíîå êîëè÷åñòâî íîâûõ îïðåäåëåíèé
è ôàêòîâ, à âûðàáîòàòü èíòóèöèþ, êîòîðàÿ ÷àñòî áûâàåò î÷åíü îáìàí÷èâà
äàæå äëÿ êîììóòàòèâíîãî ñëó÷àÿ, íå ãîâîðÿ óæå ïðî áîëåå îáùèå ñèòóàöèè.

Â äîêëàäå ìû îáñóäèì áåç ôîðìàëüíûõ îïðåäåëåíèé íåêîòîðûå ïðîáëåìû
êëàññè÷åñêîãî ïîäõîäà ê àëãåáðàè÷åñêîé ãåîìåòðèè, à òàêæå ïîêàæåì, êàê ñî-
âðåìåííûé ÿçûê ìîæåò ëåãêî ðåøèòü âñå ýòè ñëîæíîñòè, åñëè ðàññìàòðèâàòü
ìíîãîîáðàçèÿ ñ ñîâðåìåííîé òî÷êè çðåíèÿ.

Êðèòè÷åñêèå ðàäèóñû îðáèò ïðåäñòàâëåíèé èçîòðîïèè ðèìàíîâûõ
ñèììåòðè÷åñêèõ ïðîñòðàíñòâ

Ì.Â. Ìåùåðÿêîâ
ÍÈÓ ÂØÝ, Ìîñêâà, Ðîññèÿ

1953mmv@mail.ru

Öåëü äîêëàäà ñîñòîèò â ðàññìîòðåíèè ìåòîäà âû÷èñëåíèÿ îïðåäåëåííîãî
ìåòðè÷åñêîãî èíâàðèàíòà îðáèò ïðåäñòàâëåíèé èçîòðîïèè ïîëóïðîñòûõ ðè-
ìàíîâûõ ñèììåòðè÷åñêèõ ïðîñòðàíñòâ, íàçûâàåìîãî êðèòè÷åñêèì ðàäèóñîì,
â òåðìèíàõ ñèñòåìû îãðàíè÷åííûõ êîðíåé è ãðóïïû Âåéëÿ ñèììåòðè÷åñêîãî
ïðîñòðàíñòâà. Ýòîò ìåòðè÷åñêèé èíâàðèàíò, õàðàêòåðèçóþùèé ðàñïîëîæåíèå
ïîäìíîæåñòâ â îáúåìëþùåì ìåòðè÷åñêîì ïðîñòðàíñòâå, áûë âïåðâûå ââåäåí
äëÿ ïîäìíîæåñòâ åâêëèäîâà ïðîñòðàíñòâå Ã. Ôåäåðåðîì â ðàáîòå [1]. Ãðóáî
ãîâîðÿ, êðèòè÷åñêèé ðàäèóñ R(F ) ïîäìíîæåñòâà F îáúåìëþùåãî ìåòðè÷å-
ñêîãî ïðîñòðàíñòâà ýòî ìàêñèìàëüíûé ðàçìåð îêðåñòíîñòè F, êàæäàÿ òî÷êà
êîòîðîé èìååò åäèíñòâåííóþ áëèæàéøóþ òî÷êó â F.

Ïóñòü G = K ⊕ P � ðàçëîæåíèå Êàðòàíà ïîëóïðîñòîé âåùåñòâåííîé àë-
ãåáðû Ëè G ãðóïïû Ëè G ñèììåòðè÷åñêîé ïàðû (G,K), îïðåäåëÿþùåé ñèì-
ìåòðè÷åñêîå ïðîñòðàíñòâî. Ïðåäñòàâëåíèå èçîòðîïèè ñèììåòðè÷åñêîãî ïðî-
ñòðàíñòâà ýêâèâàëåíòíî ïðèñîåäèíåííîìó ïðåäñòàâëåíèþ Ad ãðóïïû èçîòðî-
ïèè K ïàðû (G,K) íà ïðîñòðàíñòâå P ⊂ G. Ïîä îðáèòàìè ïðåäñòàâëåíèÿ
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èçîòðîïèè áóäóò ïîíèìàòüñÿ îðáèòû äåéñòâèÿ ãðóïïû K â ïðîñòðàíñòâå P.
Êàæäàÿ îðáèòà îðòîãîíàëüíî ïåðåñåêàåò ìàêñèìàëüíûå àáåëåâû ïîäàëãåáðû
A ïðîñòðàíñòâà P. Ïàðà (P,A) îïðåäåëÿåò ñèñòåìó Σ(P,A) ⊂ P îãðàíè÷åí-
íûõ êîðíåé ñèììåòðè÷åñêîãî ïðîñòðàíñòâà è îòâå÷àþùóþ åé ãðóïïó Âåéëÿ
W = W (P,A), ïîðîæäåííóþ îòðàæåíèÿìè îòíîñèòåëüíî ãèïåðïëîñêîñòåé,
îðòîãîíàëüíûõ êîðíÿì α ∈ Σ(P,A). Ãðóïïà Âåéëÿ âìåñòå ñ ñèñòåìîé îãðàíè-
÷åííûõ êîðíåé ñóòü îñíîâíûå êîìáèíàòîðíûå äàííûå, ñâÿçàííûå ñ ñèììåò-
ðè÷åñêèì ïðîñòðàíñòâîì. Îòðàæàþùèå ãèïåðïëîñêîñòè Hα, îðòîãîíàëüíûå
êîðíÿì α, äåëÿò êàðòàíîâñêîå ïîäïðîñòðàíñòâî A íà ìíîãîãðàííûå êîíóñû
C, íàçûâàåìûå êàìåðàìè. Èç òåîðèè ñèììåòðè÷åñêèõ ïðîñòðàíñòâ õîðîøî
èçâåñòíî [2], ÷òî ëþáàÿ îðáèòà O(λ) ïðåäñòàâëåíèÿ èçîòðîïèè ïåðåñåêàåò
çàìûêàíèå ëþáîé êàìåðû â åäèíñòâåííîé òî÷êå λ. Ïåðåñå÷åíèå O(λ) ∩ A

ñîâïàäàåò ñ îðáèòîé W (λ) ýòîé òî÷êè îòíîñèòåëüíî åñòåñòâåííîãî äåéñòâèÿ
ãðóïïû W.

Îñíîâíûå íàøè ðåçóëüòàòû î êðèòè÷åñêèõ ðàäèóñàõ äëÿ îðáèò ïðåäñòàâ-
ëåíèÿ èçîòðîïèè ñîñòàâëÿþò ñëåäóþùèå äâå òåîðåìû.

Òåîðåìà A. Ïóñòü O(λ) îðáèòà ïðåäñòàâëåíèÿ èçîòðîïèè ðèìàíîâà ïîëó-
ïðîñòîãî ñèììåòðè÷åñêîãî ïðîñòðàíñòâà, îòâå÷àþùàÿ âíóòðåííåé òî÷êå λ êà-
ìåðû C.Ïóñòü íà êàðòàíîâñêîì ïîäïðîñòðàíñòâåA âûáðàíîW ?èíâàðèàíòíîå
åâêëèäîâî ñêàëÿðíîå ïðîèçâåäåíèå, ïðîäîëæåííîå äî èíâàðèàíòíîãî ñêàëÿð-
íîãî ïðîèçâåäåíèÿ íà P. Òîãäà êðèòè÷åñêèé ðàäèóñ îðáèòû O(λ) ⊂ P ðàâåí
åâêëèäîâó ðàññòîÿíèþ îò λ äî áëèæàéøåé ê íåé ãðàíè êîðàçìåðíîñòè 1 êà-
ìåðû C.

Â îòëè÷èå îò îðáèò îáùåãî ïîëîæåíèÿ, â ñëó÷àå ñèíãóëÿðíûõ îðáèò O(λ)
òî÷êà λ ëåæèò â ïåðåñå÷åíèè íåêîòîðûõ ãðàíåé êîðàçìåðíîñòè 1 êàìåðû C.

Âû÷èñëåíèå êðèòè÷åñêîãî ðàäèóñà R(O(λ)) óæå òðåáóåò ðàññìîòðåíèÿ ðàç-
áèåíèÿ êàðòàíîâñêîãî ïðîñòðàíñòâà A, êîòîðîå ðåàëèçóåòñÿ íîðìàëüíûì âå-
åðîì âûïóêëîãî ìíîãîãðàííèêà P(λ) = convW (λ), ÿâëÿþùåãîñÿ âûïóêëîé
îáîëî÷êîé îðáèòû W (λ). Òî÷êà λ â ýòîé ñèòóàöèè áóäåò âíóòðåííåé òî÷êîé
íîðìàëüíîãî êîíóñà Nλ íîðìàëüíîãî âååðà ìíîãîãðàííèêà P(λ).

Òåîðåìà B. Ïóñòü O(λ) � ñèíãóëÿðíàÿ îðáèòà ïðåäñòàâëåíèÿ èçîòðîïèè
ðèìàíîâà ïîëóïðîñòîãî ñèììåòðè÷åñêîãî ïðîñòðàíñòâà è Nλ íîðìàëüíûé êî-
íóñ â âåðøèíå λ âûïóêëîãî ìíîãîãðàííèêà convW (λ). Òîãäà êðèòè÷åñêèé
ðàäèóñ R(O(λ)) îðáèòû O(λ) ðàâåí åâêëèäîâó ðàññòîÿíèþ îò òî÷êè λ äî
áëèæàéøåé ê íåé ãðàíè êîðàçìåðíîñòè 1 êîíóñà Nλ.

Ñìåæíîé çàäà÷å î âû÷èñëåíèè ôîêàëüíûõ ðàäèóñîâ îðáèò ëèíåéíûõ íåïðè-
âîäèìûõ ïðåäñòàâëåíèé ïðîñòûõ êîìïàêòíûõ ãðóïï Ëè ïîñâÿùåíà ðàáîòà [3].
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Ðàçðåøèìûå ñóïåðàëãåáðû Ëåéáíèöà ñ íèëüðàäèêàëîì
ñ õàðàêòåðèñòè÷åñêîé ïîñëåäîâàòåëüíîñòüþ (n | m− 1, 1)

íèëüèíäåêñà n+m
Õ.À. Ìóðàòîâà
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Â ýòîé ðàáîòå ïðåäñòàâëåíà êëàññèôèêàöèÿ ðàçðåøèìûõ ñóïåðàëãåáð Ëåéá-
íèöà, íèëüðàäèêàë êîòîðûõ ÿâëÿåòñÿ ñóïåðàëãåáðîé ñ íèëüèíäåêñîì n+m è
õàðàêòåðèñòè÷åñêîé ïîñëåäîâàòåëüíîñòüþ (n | m − 1, 1). Ñëåäóåò îòìåòèòü,
÷òî íèëüïîòåíòíàÿ ñóïåðàëãåáðà Ëåéáíèöà ñ íèëüèíäåêñîì n + m ìîæåò
èìåòü õàðàêòåðèñòè÷åñêóþ ïîñëåäîâàòåëüíîñòè âèäà (n | m), (n − 1, 1 | m)
èëè (n | m− 1, 1). Ïîñêîëüêó ðàçðåøèìûå ñóïåðàëãåáðû Ëåéáíèöà, õàðàêòå-
ðèñòè÷åñêèå ïîñëåäîâàòåëüíîñòè êîòîðûõ (n | m) è (n − 1, 1 | m) óæå áûëè
êëàññèôèöèðîâàíû [3, 4], ýòà ðàáîòà çàâåðøàåò êëàññèôèêàöèþ ðàçðåøèìûõ
ñóïåðàëãåáð Ëåéáíèöà, íèëüðàäèêàëîì êîòîðûõ ÿâëÿåòñÿ ñóïåðàëãåáðîé ñ íè-
ëüèíäåêñîì n+m.

Îïðåäåëåíèå. Z2-ãðàäóèðîâàííîå âåêòîðíîå ïðîñòðàíñòâî L = L0 ⊕ L1

íàçûâàåòñÿ ñóïåðàëãåáðîé Ëåéáíèöà, åñëè îíî ñíàáæåíî ïðîèçâåäåíèåì [−,−],
êîòîðîå óäîâëåòâîðÿåò ñëåäóþùåìó óñëîâèþ:[

x, [y, z]
]
=

[
[x, y], z

]
− (−1)αβ

[
[x, z], y

]
− ñóïåðòîæäåñòâî Ëåéáíèöà

äëÿ ëþáûõ x ∈ L, y ∈ Lα, z ∈ Lβ.
Íèëüïîòåíòíûå ñóïåðàëãåáðû Ëåéáíèöà ñ õàðàêòåðèñòè÷åñêîé ïîñëåäî-

âàòåëüíîñòüþ (n | m − 1, 1) è íèëüèíäåêñîì n + m âîçìîæíû òîëüêî ïðè
m = n+ 1 èëè m = n+ 2.
Òåîðåìà 1. [1] Ïóñòü L � ñóïåðàëãåáðà Ëåéáíèöà ñ õàðàêòåðèñòè÷åñêîé

ïîñëåäîâàòåëüíîñòüþ (n |m−1, 1) è íèëüèíäåêñîì n+m. Òîãäà â ñëó÷àåm =
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n + 1 ñóùåñòâóåò áàçèñ {e1, e2, . . . , en, y1, y2, . . . , yn+1} àëãåáðû L, â êîòîðîì
ïðîèçâåäåíèÿ èìåþò ñëåäóþùèé âèä:

L(β[n+4
2 ], β[n+4

2 ]+1, . . . , βn+1, γ) :



[ei, e1] = ei+1, 1 ≤ i ≤ n− 1,

[yj , e1] = yj+1, 1 ≤ j ≤ n− 1,

[ei, y1] =
1
2yi+1, 1 ≤ i ≤ n− 1,

[yj , y1] = ej , 1 ≤ j ≤ n,

[yn+1, yn+1] = γen,

[ei, yn+1] =
n+1−i∑
k=[n+4

2 ]

βkyk−1+i, 1 ≤ i ≤ [n−1
2 ],

[y1, yn+1] = −2
n∑

k=[n+4
2 ]

βkek−1 + βn+1en,

[yj , yn+1] = −2
n+2−j∑
k=[n+4

2 ]

βkek−2+j , 2 ≤ j ≤ [n+1
2 ].

Òåîðåìà 2. [1] Ïóñòü L � ñóïåðàëãåáðà Ëåéáíèöà ñ õàðàêòåðèñòè÷åñêîé
ïîñëåäîâàòåëüíîñòüþ (n | m − 1, 1) è íèëüèíäåêñîì n + m. Òîãäà â ñëó÷àå
m = n+ 2 ñóùåñòâóåò áàçèñ {e1, e2, . . . , en, y1, y2, . . . , yn+2} ñóïåðàëãåáðû L, â
êîòîðîì îíà èçîìîðôíà ñëåäóþùåé ñóïåðàëãåáðå:

L(β[n+5
2 ], β[n+5

2 ]+1, . . . , βn, βn+1).

Ìàêñèìàëüíûé íèëüïîòåíòíûé èäåàë N ñóïåðàëãåáðû Ëåéáíèöà L òàêîé,
÷òî [L,L] ⊂ N , íàçûâàåòñÿ íèëüðàäèêàëîì. Àíàëîãè÷íî ñëó÷àþ àëãåáð Ëè,
ðàçðåøèìûå ñóïåðàëãåáðû Ëåéáíèöà ìîãóò áûòü îïèñàíû ñ ïîìîùüþ íèëü-
íåçàâèñèìûõ ÷åòíûõ äèôôåðåíöèðîâàíèé íèëüðàäèêàëà (ñì. [2]).

Åñëè L � íå íèëüïîòåíòíàÿ ðàçðåøèìàÿ ñóïåðàëãåáðà Ëåéáíèöà ñ íèëü-
ðàäèêàëîì èç êëàññà L(β[n+4

2 ], β[n+4
2 ]+1, . . . , βn+1, γ), òîãäà:

(β[n+4
2 ], β[n+4

2 ]+1, . . . , βn+1, γ) =


(0, . . . , 0, 0),

(0, . . . , βt, . . . , 0, 0), βt ̸= 0, [n+4
2 ] ≤ t ≤ n+ 1,

(βn+3
2
, 0, . . . , 0, γ), γ ̸= 0.

Òåîðåìà 3. Ïóñòü L = L0 ⊕ L1 � ðàçðåøèìàÿ ñóïåðàëãåáðà Ëåéáíèöà,
íèëüðàäèêàë êîòîðîé èçîìîðôåí ñóïåðàëãåáðå L(0, 0, . . . , 0, 0). Òîãäà L èçî-
ìîðôíà îäíîé èç ñëåäóþùèõ ïîïàðíî íå èçîìîðôíûõ ñóïåðàëãåáð:

MS1 :



[ei, e1] = ei+1, 1 ≤ i ≤ n− 1,

[yj , e1] = yj+1, 1 ≤ j ≤ n− 1,

[ei, y1] =
1
2yi+1, 1 ≤ i ≤ n− 1,

[yj , y1] = ej , 1 ≤ j ≤ n,

[ei, x1] = 2iei, 1 ≤ i ≤ n,

[yi, x1] = (2i− 1)yi, 1 ≤ i ≤ n,

[yn+1, x2] = yn+1,

[x1, e1] = −2e1,

[x1, y1] = −y1,

MS2 :



[ei, e1] = ei+1, 1 ≤ i ≤ n− 1,

[yj , e1] = yj+1, 1 ≤ j ≤ n− 1,

[ei, y1] =
1
2yi+1, 1 ≤ i ≤ n− 1,

[yj , y1] = ej , 1 ≤ j ≤ n,

[ei, x1] = 2iei, 1 ≤ i ≤ n,

[yi, x1] = (2i− 1)yi, 1 ≤ i ≤ n,

[yn+1, x2] = yn+1,

[x1, e1] = −2e1,

[x1, y1] = −y1,

[x2, yn+1] = −yn+1,
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Sα
1 :



[ei, e1] = ei+1, 1 ≤ i ≤ n− 1,

[yj , e1] = yj+1, 1 ≤ j ≤ n− 1,

[ei, y1] =
1
2yi+1, 1 ≤ i ≤ n− 1,

[yj , y1] = ej , 1 ≤ j ≤ n,

[ei, x] = 2ei, 1 ≤ i ≤ n,

[y1, x] = y1,

[yi, x] = (2i− 1)yi, 2 ≤ i ≤ n,

[yn+1, x] = αyn+1,

[x, e1] = −2e1,

[x, y1] = −y1,

[x, yn+1] = −αyn+1,

S2 :



[ei, e1] = ei+1, 1 ≤ i ≤ n− 1,

[yj , e1] = yj+1, 1 ≤ j ≤ n− 1,

[ei, y1] =
1
2yi+1, 1 ≤ i ≤ n− 1,

[yj , y1] = ej , 1 ≤ j ≤ n,

[ei, x] = 2ei, 1 ≤ i ≤ n,

[y1, x] = y1 + yn+1,

[yi, x] = (2i− 1)yi, 2 ≤ i ≤ n,

[yn+1, x] = yn+1,

[x, e1] = −2e1,

[x, y1] = −y1 − yn+1,

[x, yn+1] = −yn+1,

Sα
3 :



[ei, e1] = ei+1, 1 ≤ i ≤ n− 1,

[yj , e1] = yj+1, 1 ≤ j ≤ n− 1,

[ei, y1] =
1
2yi+1, 1 ≤ i ≤ n− 1,

[yj , y1] = ej , 1 ≤ j ≤ n,

[ei, x] = 2ei, 1 ≤ i ≤ n,

[y1, x] = y1,

[yi, x] = (2i− 1)yi, 2 ≤ i ≤ n,

[yn+1, x] = αyn+1,

[x, e1] = −2e1,

[x, y1] = −y1,

Sa2,...,an,γ
4 :



[ei, e1] = ei+1, 1 ≤ i ≤ n− 1,

[yj , e1] = yj+1, 1 ≤ j ≤ n− 1,

[ei, y1] =
1
2yi+1, 1 ≤ i ≤ n− 1,

[yj , y1] = ej , 1 ≤ j ≤ n,

[ei, x] =
n−i+1∑
k=2

akei+k−1, 1 ≤ i ≤ n− 1,

[yi, x] =
n−i+1∑
k=2

akyi+k−1, 1 ≤ i ≤ n− 1,

[yn+1, x] = yn+1, [x, x] = γen,

Sa2,...,an,γ
5 :



[ei, e1] = ei+1, 1 ≤ i ≤ n− 1,

[yj , e1] = yj+1, 1 ≤ j ≤ n− 1,

[ei, y1] =
1
2yi+1, 1 ≤ i ≤ n− 1,

[yj , y1] = ej , 1 ≤ j ≤ n,

[ei, x] =
n−i+1∑
k=2

akei+k−1, 1 ≤ i ≤ n− 1,

[yi, x] =
n−i+1∑
k=2

akyi+k−1, 1 ≤ i ≤ n− 1,

[yn+1, x] = yn+1, [x, yn+1] = −yn+1,

[x, x] = γen.

Òåîðåìà 4. Ïóñòü L = L0 ⊕ L1 � ðàçðåøèìàÿ ñóïåðàëãåáðà Ëåéáíè-
öà, íèëüðàäèêàë êîòîðîé èçîìîðôåí íå ðàçëîæèìîé ñóïåðàëãåáðå èç êëàññà
L(β[n+4

2 ], β[n+4
2 ]+1, . . . , βn, γ, β). Òîãäà L èçîìîðôíà îäíîé èç ñëåäóþùèõ ïîïàð-

íî íå èçîìîðôíûõ ñóïåðàëãåáð:
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S(t), ([
n+ 4

2
] ≤ t ≤ n+ 1) :



[ei, e1] = ei+1, 1 ≤ i ≤ n− 1,

[yj , e1] = yj+1, 1 ≤ j ≤ n− 1,

[ei, y1] =
1
2yi+1, 1 ≤ i ≤ n− 1,

[yj , y1] = ej , 1 ≤ j ≤ n,

[ei, yn+1] = yt−i+1, 1 ≤ i ≤ [n−1
2 ],

[y1, yn+1] = −2et−1,

[yi, yn+1] = −2et−2+i, 2 ≤ j ≤ [n+1
2 ],

[ei, x] = 2iei, 1 ≤ i ≤ n,

[yi, x] = (2i− 1)yi, 1 ≤ i ≤ n,

[yn+1, x] = (2t− 3)yn+1,

[x, y1] = −y1,

[x, e1] = −2e1,

[x, yn+1] = −2yt−1 − (2t− 3)yn+1.

S(γ) :



[ei, e1] = ei+1, 1 ≤ i ≤ n− 1,

[yj , e1] = yj+1, 1 ≤ j ≤ n− 1,

[ei, y1] =
1
2yi+1, 1 ≤ i ≤ n− 1,

[yj , y1] = ej , 1 ≤ j ≤ n,

[yn+1, yn+1] = γen,

[ei, yn+1] = βn+3
2
yi+n+1

2
, 1 ≤ i ≤ [n−1

2 ],

[yi, yn+1] = −2βn+3
2
ei+n−1

2
, 1 ≤ i ≤ [n+1

2 ],

[ei, x] = 2iei, 1 ≤ i ≤ n,

[yi, x] = (2i− 1)yi, 1 ≤ i ≤ n,

[yn+1, x] = nyn+1,

[x, e1] = −2e1,

[x, y1] = −y1,

[x, yn+1] = −βn+3
2
yn+1

2
− nyn+1.
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Àíàëîãè èíâàðèàíòà Ìàêàð-Ëèìàíîâà è èíâàðèàíòà Äåðêñåíà
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avnikitina@hse.ru

Â êà÷åñòâå îñíîâíîãî ïîëÿ áóäåì ðàññìàòðèâàòü àëãåáðàè÷åñêè çàìêíóòîå
ïîëå k õàðàêòåðèñòèêè íîëü. Ïóñòü B ⊃ k � îáëàñòü öåëîñòíîñòè. Äèôôå-
ðåíöèðîâàíèåì íà B íàçûâàåòñÿ ôóíêöèÿ δ: B → B òàêàÿ, ÷òî ∀a, b ∈ B:
δ(a+ b) = δ(a)+ δ(b), δ(ab) = δ(a)b+ aδ(b). Äèôôåðåíöèðîâàíèå δ ëîêàëüíî-
íèëüïîòåíòíîå, åñëè ∀b ∈ B ∃n ∈ N : Dn(δ) = 0. Îáîçíà÷èì ÷åðåç LND (X)
ìíîæåñòâî âñåõ ëîêàëüíî-íèëüïîòåíòíûõ äèôôåðåíöèðîâàíèé íà X.

Èíâàðèàíò Ìàêàð-Ëèìàíîâà ìíîãîîáðàçèÿX � ýòî ïåðåñå÷åíèå ÿäåð âñåõ
ËÍÄ íà X.

ML(X) =
⋂

δ∈LND

Ker δ.

Èíâàðèàíò Äåðêñåíà � ïîäàëãåáðà â k[X], ïîðîæä¼ííàÿ ÿäðàìè âñåõ
íåíóëåâûõ ËÍÄ íà X.

HD(X) = k[Ker δ | δ ∈ LND (X) \ {0}].

Ôóíêöèÿ s ∈ k[X] íàçûâàåòñÿ ñëàéñîì ËÍÄ δ, åñëè δ(s) = 1. Äàëåå ïðåä-
ëàãàåòñÿ ðàññìàòðèâàòü ìîäèôèêàöèè ML ∗ è HD ∗ èíâàðèàíòîâ ML è HD
äëÿ ËÍÄ ñî ñëàéñàìè. Îáîçíà÷èì LND ∗(X) ìíîæåñòâî âñåõ ËÍÄ ñî ñëàé-
ñàìè íà X.

Â ðàáîòå [1] áûëî äîêàçàíî, ÷òî äëÿ àôôèííûõ íåïðèâîäèìûõ ìíîãîîáðà-
çèé X ñ íåíóëåâûì ìíîæåñòâîì LND ∗ èíâàðèàíòû ML(X) è ML ∗(X) ñîâ-
ïàäàþò. Òàêæå â ðàáîòå [2] ïîëó÷åíû ðåçóëüòàòû äëÿ HD ∗.

Â äîêëàäå áóäåò ðàññìàòðèâàòüñÿ íåêîòîðîå îáîáùåíèå èíâàðèàíòà Ìàêàð-
Ëèìàíîâà:

ML(X) =
⋂

δ1,δ2∈LND

(Ker δ1 ∩Ker δ2),

êîòîðîå ñòðîèòñÿ äëÿ âñåâîçìîæíûõ ïàð êîììóòèðóþùèõ δ1 è δ2.

Áóäåò ïîêàçàí êðèòåðèé ñóùåñòâîâàíèÿ òàêèõ êîììóòèðóþùèõ ËÍÄ â
òåðìèíàõ êîíóñîâ äëÿ òîðè÷åñêèõ ìíîãîîáðàçèé X, à òàêæå äîêàçàí àíàëîã
òåîðåìû [1] â ýòîì ñëó÷àå.
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Ëîêàëüíûå ïåðåêëåéêè ñåìåéñòâ êðèâûõ è ðàññëîåíèé
è îòíîñèòåëüíàÿ òåîðåìà Ðèìàíà-Ðîõà

Ä.Â. Îñèïîâ
ÌÖÌÓ ÌÈÀÍ, ÍÈÓ ÂØÝ, ÍÈÒÓ ÌÈÑÈÑ, Ìîñêâà, Ðîññèÿ
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Ïóñòü A � ïðîèçâîëüíîå êîììóòàòèâíîå êîëüöî. Ïóñòü A((t)) = A[[t]][t−1]
� êîëüöî ðÿäîâ Ëîðàíà íàä êîëüöîì A. Êîëüöî A((t)) ñòàíîâèòñÿ òîïîëîãè-
÷åñêèì êîëüöîì, åñëè çà áàçó îêðåñòíîñòåé íóëÿ âçÿòü A-ïîäìîäóëè tnA[[t]].

Ïóñòü A((t))∗ � ãðóïïà îáðàòèìûõ ýëåìåíòîâ êîëüöà A((t)), è ïóñòü
Autr,c(L)(A) � ãðóïïà íåïðåðûâíûõ A-àâòîìîðôèçìîâ A-àëãåáðû A((t)). ßñ-
íî, ÷òî âòîðàÿ ãðóïïà åñòåñòâåííî äåéñòâóåò íà êîëüöå A((t)), è, ñëåäîâà-
òåëüíî, íà ãðóïïå A((t))∗. Ïîýòîìó âîçíèêàåò åñòåñòâåííàÿ íåêîììóòàòèâíàÿ
ãðóïïà

G(A) = A((t))∗ ⋊Autc,alg(L) .

Íàçîâ¼ì êâèíòåòîì íàä êîììóòàòèâíûì êîëüöîì A íàáîð ãåîìåòðè÷åñêèõ
äàííûõ, ñîñòîÿùèé èç ñåìåéñòâà ïðîåêòèâíûõ êðèâûõ íàä áàçîé SpecA, ñå-
÷åíèÿ ýòîãî ñåìåéñòâà, òàêîãî, ÷òî ñåìåéñòâî ãëàäêî â îêðåñòíîñòè ýòîãî ñå-
÷åíèÿ, îáðàòèìîãî ïó÷êà íà ñåìåéñòâå, îòíîñèòåëüíîãî ôîðìàëüíîãî ëîêàëü-
íîãî ïàðàìåòðà äëÿ ñå÷åíèÿ, ôîðìàëüíîé òðèâèàëèçàöèè ïó÷êà â ñå÷åíèè.

Â [1] áûëî ïîêàçàíî, ÷òî ýëåìåíòû ãðóïïû G(A) ¾ïåðåêëåèâàþò¿ â êâèí-
òåòå (íàä êîëüöîì A) ñåìåéñòâî êðèâûõ è îáðàòèìûé ïó÷îê â ïðîêîëîòîé
ôîðìàëüíîé îêðåñòíîñòè ñå÷åíèÿ ñåìåéñòâà êðèâûõ.

Áîëåå òî÷íî, ôóíêòîð A 7→ G(A) ïðåäñòàâèì ãðóïïîâîé èíä-ñõåìîé G.
Ãðóïïîâàÿ èíä-ñõåìà G äåéñòâóåò íà ñòåêå ìîäóëåé Mpr âñåõ êâèíòåòîâ (ãäå
ñòåê âîçíèêàåò, åñëè âàðüèðîâàòü êîëüöî A).

Íà ñòåêå ìîäóëåé êâèíòåòîâ Mpr åñòü åñòåñòâåííîå äåòåðìèíàòíîå ëèíåé-
íîå ðàññëîåíèå. Äëÿ êàæäîãî êâèíòåòà ñ ñåìåéñòâîì êðèâûõ π : C → SpecA
è îáðàòèìûì ïó÷êîì F íà C ýòî äåòåðìèíàíòíîå ðàññëîåíèå åñòü îáðàòèìûé
ïó÷îê detRπ∗F íà SpecA.
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Ãðóïïîâàÿ èíä-ñõåìà G íå äåéñòâóåò íà äåòåðìèíàíòíîì ëèíåéíîì ðàññëî-
åíèè íàMpr, íî äåéñòâóåò åñòåñòâåííûì îáðàçîì å¼ êàíîíè÷åñêîå öåíòðàëüíîå
ðàñøèðåíèå ïðè ïîìîùè ìóëüòèïëèêàòèâíîé ãðóïïû Gm.

Â ðàáîòàõ àâòîðà [1]-[2] áûë âû÷èñëåí êëàññ âî âòîðîé ãðóïïå êîãîìîëîãèé
ýòîãî êàíîíè÷åñêîãî öåíòðàëüíîãî ðàñøèðåíèÿ ïîñëå ðàñøèðåíèÿ ñêàëÿðîâ
äî ïîëÿQ. Ýòîò êëàññ âûïèñûâàåòñÿ ÷åðåç ëèíåéíóþ êîìáèíàöèþ âûðàæåíèé
îò ∪-ïðîèçâåäåíèé íåêîòîðûõ ÿâíûõ 1-êîöèêëîâ íà G. Âîçíèêàåò ëîêàëüíàÿ
òåîðåìà Äåëèíÿ-Ðèìàíà-Ðîõà äëÿ ëèíåéíûõ ðàññëîåíèé íà ñåìåéñòâàõ ïðî-
åêòèâíûõ êðèâûõ.

Îá ýòèõ ðåçóëüòàòàõ ÿ ðàññêàæó â ñâî¼ì äîêëàäå.
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Ïðåäñòàâëåíèÿ êîë÷àíîâ è èõ U-èíâàðèàíòû
À.Í. Ïàíîâ

Ñàìàðñêèé óíèâåðñèòåò, Ñàìàðà, Ðîññèÿ
apanov@list.ru

Ïóñòü Q = (V,A) � êîë÷àí, ãäå V ìíîæåñòâî âåðøèí è A ìíîæåñòâî ðå-
áåð. Êàæäîå ðåáðî α ∈ A èìååò íà÷àëî (source) s(α) è âåðøèíó (target) t(α).
Ïóñòü K ïîëå. Ïðåäñòàâëåíèå êîë÷àíà Q � ýòî íàáîð ëèíåéíûõ ïðîñòðàíñòâ
{Wv, v ∈ V }, îïðåäåëåííûõ íàä ïîëåì K, è ñîîòâåòñòâèå, êîòîðîå êàæäîìó
ðåáðó α ñîïîñòàâëÿåò ëèíåéíîå îòîáðàæåíèå Ws(α) → Wt(α). Êàæäîå ïðåä-
ñòàâëåíèå îïðåäåëÿåò âåêòîð ðàçìåðíîñòè nQ = (nv), ãäå nv = dimWv.

Îòîæäåñòâèì êàæäîå ëèíåéíîå ïðîñòðàíñòâî Wv ñ êîîðäèíàòíûì ïðî-
ñòðàíñòâîì Knv . Ïðîñòðàíñòâî ëèíåéíûõ îòîáðàæåíèé Hα èç Ws(α) â Wt(α)

îòîæäåñòâèì ñ ïðîñòðàíñòâî ìàòðèö Mat(nt(α), ns(α), K) ðàçìåðà nt(α)×ns(α).
Äëÿ êàæäîé âåðøèíû v ∈ V îïðåäåëåíà ãðóïïà GLv = GL(nv) ñ ýëåìåíòàìè
â ïîëå K è åå óíèòðåóãîëüíàÿ ïîäãðóïïà Uv = UT(nv), ñîñòîÿùàÿ èç âñåõ
âåðõíåòðåóãîëüíûõ (nv ×nv)-ìàòðèö ñ åäèíèöàìè íà äèàãîíàëè. Ðàññìîòðèì
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ïðÿìîå ïðîèçâåäåíèåG = GLQ =
∏

v∈V GLv, åå ïîäãðóïïó U = UQ =
∏

v∈V Uv

è ëèíåéíîå ïðîñòðàíñòâî

H = HQ = ⊕α∈AHα.

Ãðóïïà G äåéñòâóåò â ïðîñòðàíñòâå H ïî ôîðìóëå

g.h = (gt(α)Xαg
−1
s(α))α∈A, g = (gv) ∈ G, h = (Xα) ∈ H.

Äåéñòâèå G íà H îïðåäåëÿåò ïðåäñòàâëåíèå ρg ãðóïïû G â ïðîñòðàíñòâå
ðåãóëÿðíûõ ôóíêöèé K[H] ïî ôîðìóëå

ρgf(h) = f(g−1.h).

Ñòàâèòñÿ çàäà÷à ïîñòðîåíèÿ ñèñòåìû ñâîáîäíûõ îáðàçóþùèõ ýëåìåíòîâ
â ïîëå U -èíâàðèàíòîâ K(H)U . Ðàçâèâàÿ ìåòîäû ïîñòðîåíèÿ U -èíâàðèàíòîâ
[1, 2, 3], â äîêëàäå áóäåò ïðåäëîæåíî äâà ïîäõîäà ê ðåøåíèþ ýòîé çàäà÷è.
Ïîäõîä 1. ×àñòíûé ñëó÷àé ðàâíîðàçìåðíîãî ïðåäñòàâëåíèÿ [4], êîãäà nv = n,
äëÿ ëþáîãî v ∈ V . Â ýòîì ñëó÷àå êîíñòðóêöèÿ ñå÷åíèÿ è ñèñòåìû ñâîáîäíûõ
îáðàçóþùèõ çàâèñèò îò âûáîðà îòîáðàæåíèÿ ψ : V → A, ñîïîñòàâëÿþùåãî
êàæäîé âåðøèíå â v ∈ V èíöèäåíòíîå åìó ðåáðî ψ(v) ∈ A.
Ïîäõîä 2. Îáùèé ñëó÷àé. Â ýòîì ñëó÷àå êîíñòðóêöèÿ ñå÷åíèÿ è ñèñòåìû ñâî-
áîäíûõ îáðàçóþùèõ çàâèñèò îò âûáîðà îòîáðàæåíèÿ, ñîïîñòàâëÿþùåãî êàæ-
äîé âåðøèíå v ∈ V ëèíåéíûé ïîðÿäîê íà ìíîæåñòâå âñå ðåáåð Av, èíöèäåíò-
íûõ v.
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Ïîäãðóïïû àâòîìîðôèçìîâ, ñîñòîÿùèå èç óíèïîòåíòíûõ
ýëåìåíòîâ

À.Þ. Ïåðåïå÷êî
ÍÈÓ ÂØÝ, Ìîñêâà, Ðîññèÿ

aperepechko@hse.ru

Ïóñòü X � àôôèííîå àëãåáðàè÷åñêîå ìíîãîîáðàçèå íàä àëãåáðàè÷åñêè çà-
ìêíóòûì ïîëåì K íóëåâîé õàðàêòåðèñòèêè. Ïîäãðóïïà U ⊂ Aut(X) íàçûâà-
åòñÿ óíèïîòåíòíîé, åñëè ëþáîé å¼ ýëåìåíò ìîæíî âûðàçèòü êàê ýêñïîíåíòó
íåêîòîðîãî ëîêàëüíî íèëüïîòåíòíîãî äèôôåðåíöèðîâàíèÿ íà K[X]. Ïîäãðóï-
ïà G ⊂ Aut(X) íàçûâàåòñÿ èñ÷åðïàåìîé, èëè ìàòð¼øêîé, åñëè îíà ÿâëÿåò-
ñÿ îáúåäèíåíèåì âîçðàñòàþùåé öåïî÷êè àëãåáðàè÷åñêèõ ïîäãðóïï. Â [2] ïî-
ñòàâëåí âîïðîñ î çàìêíóòîñòè ñâÿçíûõ èñ÷åðïàåìûõ ïîäãðóïï îòíîñèòåëüíî
èíä-òîïîëîãèè â Aut(X). Îïèðàÿñü íà îïèñàíèå ìàêñèìàëüíûõ èñ÷åðïàåìûõ
óíèïîòåíòíûõ ïîäãðóïï â Aut(X), ìû îòâåòèëè íà ýòîò âîïðîñ ïîëîæèòåëüíî
[3].

Ìû ðàçáåð¼ì áîëåå îáùóþ ñèòóàöèþ ïðîèçâîëüíîé óíèïîòåíòíîé ïîäãðóï-
ïû U ⊂ Aut(X), íåîáÿçàòåëüíî èñ÷åðïàåìîé. Ìû óêàæåì íåêîòîðûå óñëîâèÿ,
ïðè êîòîðûõ U ñîäåðæèòñÿ â èñ÷åðïàåìîé óíèïîòåíòíîé ïîäãðóïïå.

Äàííûå ðåçóëüòàòû èìåþò çíà÷åíèå äëÿ âîïðîñà îá àëüòåðíàòèâå Òèòñà â
Aut(X) [1], äëÿ îïèñàíèÿ àëãåáðàè÷åñêè ïîðîæä¼ííûõ ïîäãðóïï â Aut(X) è
äëÿ èçó÷åíèÿ ãðóïï àâòîìîðôèçìîâ ãèáêèõ ìíîãîîáðàçèé.

Äîêëàä îñíîâàí íà ðàáîòå àâòîðà [3]. Ðàáîòà ïîääåðæàíà ãðàíòîì ÐÍÔ
�22-41-02019.
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Êîíôèãóðàöèè ïîäðåø¼òîê
Â.Ï. Ïîêèäêèí

ÍÈÓ ÂØÝ, Ìîñêâà, Ðîññèÿ
pokidkin.vladislav@gmail.com

Ïðîèçâîëüíûé íàáîð ïîäðåø¼òîê íàäåë¼í ðÿäîì äèñêðåòíûõ ñòðóêòóð.
Âàæíîé ÷èñëîâîé õàðàêòåðèñòèêîé íàáîðà ÿâëÿåòñÿ äåôåêò. Íàáîð ÿâëÿåò-
ñÿ ëèíåéíî íåçàâèñèìûìè (íåïðèâîäèìûì), åñëè íå ñîäåðæèò ñîáñòâåííîãî
ïîäíàáîðà ñ îòðèöàòåëüíûì (íåïîëîæèòåëüíûì) äåôåêòîì. Ëèíåéíî íåçàâè-
ñèìûé íàáîð íóëåâîãî äåôåêòà íàçûâàåòñÿ ÁÊ-íàáîðîì. Ìû ïîêàæåì, ÷òî
ìíîæåñòâî ëèíåéíî íåçàâèñèìûõ íàáîðîâ îáðàçóåò ãåîìåòðè÷åñêóþ ðåø¼òêó
è ÿâëÿåòñÿ ìàòðîèäîì. Òàêæå ìû äîêàæåì, ÷òî ìíîæåñòâî ÁÊ-ïîäíàáîðîâ
ÁÊ-íàáîðà îáðàçóåò ïðîèçâîëüíóþ äèñòðèáóòèâíóþ ðåø¼òêó è ÿâëÿåòñÿ àí-
òèìàòðîèäîì. Ìîòèâàöèÿ ê èçó÷åíèþ êîíôèãóðàöèé ïîäðåø¼òîê èñõîäèò èç
ïðåäïîëàãàåìîãî îïèñàíèÿ äèñêðèìèíàíòîâ ïîëèíîìèàëüíûõ ñèñòåì. Äîêëàä
îñíîâàí íà íåçàâåðø¼ííîé ðàáîòå.

Àëãåáðà Ëè êîíôîðìíûõ âåêòîðíûõ ïîëåé
Ý.Î. Ðàæàáîâ

Íàöèîíàëüíûé Óíèâåðñèòåò Óçáåêèñòàíà èìåíè Ìèðçî Óëóãáåêà
Òàøêåíò, Óçáåêèñòàí
rajabov_2019@bk.ru

Ïóñòü (M, g) ðèìàíîâà ìíîãîîáðàçèå ñ ìåòðèêîé g è X ãëàäêîå âåêòîðíîå
ïîëå íà M .
Îïðåäåëåíèå 1 [2, 4] Âåêòîðíîå ïîëå X êîíôîðìíî, åñëè LXg = σg, ãäå

σ- ôóíêöèÿ ía (M, g), LXg = σg îáîçíà÷àåò ïðèâîäíóþ Ëè îò ìåòðèêè g

îòíîñèòåëüíà X, ãäå σ åcòü ôóíêöèÿ ía M .
Ïóñòü D- ñåìåéñòâî ãëàäêèõ âåêòîðíûõ ïîëåé, îïðåäåëåííûõ íà ìíîãî-

îáðàçèè M . Ñåìåéñòâî D ìîæåò ñîäåðæàòü êîíå÷íîå èëè áåñêîíå÷íîå ÷èñëî
ãëàäêèõ âåêòîðíûõ ïîëåé.
Îïðåäåëåíèå 2 [3, 1] Äëÿ êàæäîé òî÷êè x ∈ M ìíîæåñòâî âåêòîðîâ

D(x) = {X(x) : X ∈ D} ïîðîæäàåò íåêîòîðîå ïîäïðîñòðàíñòâî P (x) êàñà-
òåëüíîãî ïðîñòðàíñòâà TxM. Ðàçóìååòñÿ, ðàçìåðíîñòè ïîäïðîñòðàíñòâ P (x)
ìîæåò ìåíÿòüñÿ îò òî÷êè ê òî÷êå. Ýòî ðàñïðåäåëåíèå îáîçíà÷èì ÷åðåç PD.
Îïðåäåëåíèå 3 [3, 1] Ðacïðåäåëåíèå P íaçûâaåòcÿ âïoëíå èíòåãðèðóå-

ìûì, åcëè äëÿ êaæäoé òo÷êè x ∈ M cóùåcòâóþò ïoäìíoãooáðaçèå Nx ìío-
ãooáðaçèÿ M òaêoå, ÷òo TyNx = P (y) äëÿ âcåõ y ∈ Nx. Ïoäìíoãooáðaçèå
Nx íaçûâaåòcÿ èíòåãðaëüíûì ïoäìíoãooáðaçèåì ðacïðåäåëåíèÿ P . Äëÿ âåê-
òoðíoão ïoëÿ X áóäåì ïècaòü X ∈ P , åcëè X(x) ∈ P (x) äëÿ âcåõ x ∈ M .
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Ðacïðåäåëåíèå P íaçûâaåòcÿ èíâoëþòèâíûì, åcëè èç X, Y ∈ P âûòåêaåò
[X, Y ] ∈ P , ãäå [X, Y ] cêoáêa Ëè âåêòoðíûõ ïoëåé X,Y.
Òåoðåìa(Ôðoáåíèóc) Äëÿ òoão ÷òoáû ðacïðåäåëåíèå P ía ìíoãooáðaçèè

M áûëo âïoëíå èíòåãðèðóåìûì, íåoáõoäèìo è äocòaòo÷ío, ÷òoáû oío áûëo
èíâoëþòèâíûì.
Òåoðåìa(R.Hermann) D = {X1, X2, ..., Xk}- cåìåécòâo âåêòoðíûõ ïoëåé

ía ìíoãooáðaçèè M . Cåìåécòâo D ïoðoæäaåò âïoëíå èíòåãðèðóåìoå ðacïðå-
äåëåíèå òoãäa è òoëüêo òoãäa, êoãäa oío èíâoëþòèâío.

Ïóñòü A(D)- íàèìåíüøàÿ àëãåáðà Ëè, ñîäåðæàùàÿ ìíîæåñòâà D. Ïîëàãàÿ

Ax(D) = {X(x) : X ∈ A(D)},

ïîëó÷èì èíâîëþòèâíîå ðàñïðåäåëåíèå PD : x→ Ax(D).
Åñëè ðàçìåðíîñòü dimAx(D) ïîñòîÿííî íåçàâèñèìà îò x, òî, ïî òåîðåìå

Ôðîáåíèóñà, ðàñïðåäåëåíèå PD : x→ Ax(D) âïîëíå èíòåãðèðóåìî.
Åñëè ðàçìåðíîñòü dimAx(D) çàâèñèò îò x, òî, ðàñïðåäåëåíèå PD : x →

Ax(D) íå îáÿçàòåëüíî äîëæíî áûòü âïîëíå èíòåãðèðóåìûì.
Åñëè ìíîæåñòâî D ñîñòîèò èç êîíôîðìíûõ âåêòîðíûõ ïîëåé, òî ðàñïðå-

äåëåíèå
PD : x→ Ax(D)

âïîëíå èíòåãðèðóåìî.
Òåïåðü ÷åðåç A(D) îáîçíà÷èì íàèìåíüøóþ ïîäàëãåáðó Ëè â Conf(M) ìíî-

æåñòâî âñåõ êîíôîðìíûõ âåêòîðíûõ ïîëåé íà M , ñîäåðæàùóþ ìíîæåñòâî
D. Ïîñêîëüêó àëãåáðà Conf(M) êîíå÷íîìåðíà, òî ñëåäóåò, ÷òî ñóùåñòâóåò
êîíå÷íîå ÷èñëî âåêòîðíûõ ïîëåé X1, X2, ..., Xm â A(D) òàêèõ, ÷òî âåêòîðû
X1(x), X2(x), ..., Xm(x) îáðàçóþò áàçèñ ïîäïðîñòðàíñòâà Ax(D) äëÿ êàæäîãî
x ∈M.

Ïîýòîìó äëÿ ñëó÷àÿ ñåìåéñòâà D êîíôîðìíûõ âåêòîðíûõ ïîëåé èç òåîðå-
ìû Õåðìàííà âûòåêàåò ñëåäóþùåå óòâåðæäåíèå.
Òåîðåìà 1. Ïóñòü n ≥ 3, D−ñåìåéñòâî êîíôîðìíûõ âåêòîðíûõ ïîëåé.

Òîãäà êàæäàÿ îðáèòà D ÿâëÿåòñÿ èíòåãðàëüíûì ìíîãîîáðàçèåì âïîëíå èíòå-
ãðèðóåìîãî ðàñïðåäåëåíèÿ PD : x→ Ax(D).

Ñëåäóþùàÿ òåîðåìà ïîêàçûâàåò, ÷òî êàæäàÿ òî÷êà íà îðáèòå L(x0) ìî-
æåò áûòü äîñòèãíóòà èç x0 ñ ïîìîùüþ êîíå÷íîãî ÷èñëà ¾ïåðåêëþ÷åíèé¿ ñ
èñïîëüçîâàíèåì âåêòîðíûõ ïîëåé X1, X2, ..., Xm â îïðåäåëåííîì ïîðÿäêå.
Òåîðåìà 2. Ìíîæåñòâî òî÷åê âèäà

y = X tm
m (X

tm−1

m−1(...(X
t1
1 (x0)...)))

ãäå (t1, t2, ..., tm) ∈ V ñîâïàäàåò ñ îðáèòîé L(x0).
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Òåîðåìà 3. ÏóñòüM = Rn, ìíîæåñòâî D ñîñòîèò èç êîíôîðìíûõ âåêòîð-
íûõ ïîëåé è dimAx(D) = k äëÿ ëþáîãî x ∈ M, ãäå 0 < k ≤ n. Òîãäà êàæäàÿ
îðáèòà ñåìåéñòâà D ÿâëÿåòñÿ çàìêíóòûì ïîäìíîæåñòâîì.
Ïðèìåð 1. Ðàññìîòðèì ìíîæåñòâî ïîëåé D, ñîäåðæàùèõ ñëåäóþùèå âåê-

òîðíûå ïîëÿ

X =
∂

∂x1
è

Y = −x2
∂

∂x1
+ x1

∂

∂x2

íà åâêëèäîâîé ïëîñêîñòè R2 ñ äåêàðòîâûìè êîîðäèíàòàìè x1, x2. Ýòè âåê-
òîðíûå ïîëÿ ïîðîæäàþò ãëàäêîå ðàñïðåäåëåíèå: (x1, x2) → P (x1, x2), ãäå
P (x1, x2) � ïîäïðîñòðàíñòâî, íàòÿíóòîå íà íàáîð âåêòîðîâ {X(x1, x2) : X ∈
D}. Ìû èìååì dimP (x, y) = 2 äëÿ êàæäîé òî÷êè (x, y), îòëè÷íîé îò òî÷åê
(0, x2), ãäå dimP (x, y) = 1. Ýòî ãëàäêîå ðàñïðåäåëåíèå êîíå÷íî ïîðîæäåíî,
íî D íå íàõîäèòñÿ â èíâîëþöèè. Â ýòîì ñëó÷àå íàèìåíüøàÿ ïîäàëãåáðà Ëè
A(D) àëãåáðû Ëè Conf(M), ñîäåðæàùàÿ ìíîæåñòâî D, ÿâëÿåòñÿ òðåõìåðíîé.
Âåêòîðíûå ïîëÿ X, Y è Z = ∂

∂x2
ÿâëÿþòñÿ áàçèñíûìè ïîëÿìè àëãåáðû A(D).

Ìû ìîæåì ïðîâåðèòü, ÷òî dimAx(D) = 2 äëÿ êàæäîé òî÷êè x ∈ R2. Ðàñ-
ïðåäåëåíèå x → Ax(D) âïîëíå èíòåãðèðóåìî ïî òåîðåìå Õåðìàííà, êàæäàÿ
îðáèòà D ñîâïàäàåò ñ ïëîñêîñòüþ.
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Èíâàðèàíòû íà ïðîåêòèâíî-ïåðåñòàíîâî÷íûõ êëàññàõ
ýêâèâàëåíòíîñòè ôðåéìîâ Ïàðñåâàëÿ

Â.Â. Ñåâîñòüÿíîâà1

Ñàìàðñêèé óíèâåðñèòåò
berlua@mail.ru

Ïóñòü Hd � åâêëèäîâî (óíèòàðíîå) ïðîñòðàíñòâî ðàçìåðíîñòè d íàä âåùå-
ñòâåííûì (ñîîòâ. êîìïëåêñíûì) ïîëåì F. Êîíå÷íûì ôðåéìîì â Hd íàçûâà-
åòñÿ íàáîð âåêòîðîâ {φi}ni=1, n ⩾ d, äëÿ êîòîðîãî span{φj}nj=1 = Hd, äðóãèìè
ñëîâàìè, êîíå÷íûé ôðåéì � ýòî îáîáùåíèå ïîíÿòèÿ áàçèñà áåç ñâîéñòâà ìè-
íèìàëüíîñòè. Äàäèì äðóãîå îïðåäåëåíèå.
Îïðåäåëåíèå 1 Íàáîð âåêòîðîâ {φi}ni=1 â ïðîñòðàíñòâå Hd áóäåì íàçû-

âàòü ôðåéìîì, åñëè ñóùåñòâóþò êîíñòàíòû 0 < a ⩽ b < ∞, òàêèå, ÷òî äëÿ
âñåõ x ∈ Fd,

a∥x∥2 ⩽
n∑

j=1

|⟨x, φj⟩|2 ⩽ b∥x∥2.

Äàííûå äâà îïðåäåëåíèÿ ýêâèâàëåíòíû, [1].
Ôðåéìû íàõîäÿò øèðîêîå ïðèìåíåíèå â àíàëèçå ñèãíàëîâ, îáðàáîòêå èçîá-

ðàæåíèé, êîäèðîâàíèè è âîññòàíîâëåíèè äàííûõ, êâàíòîâîé òåîðèè èíôîð-
ìàöèè è òåîðèè ñæàòûõ èçìåðåíèé.

Â àíàëèçå òðàäèöèîííî âûäåëÿþò ðÿä ñâÿçàííûõ ñ ôðåéìàìè îïåðàòîðîâ.
Îïåðàòîðîì ñèíòåçà ôðåéìà {φj}nj=1 èç Hd íàçûâàåòñÿ Φ : Fn → Hd, Φx :=
n∑

j=1

x(j)φj, ãäå x(j) � j-ÿ êîîðäèíàòà x ∈ Fn. Ìàòðèöà îïåðàòîðà ñèíòåçà

Φ � d × n-ìàòðèöà, ñòîëáöàìè êîòîðîé ÿâëÿþòñÿ âåêòîðû ôðåéìà. Îïåðà-
òîðîì àíàëèçà íàçûâàåòñÿ îïåðàòîð Φ∗ : Hd → Fn, äëÿ êîòîðîãî (Φ∗y)(j) =
⟨φj,y⟩, j = 1, . . . , n. Ïîäðîáíåå î ôðåéìàõ ñì. [2].

Åñëè a = b â îïðåäåëåíèè 1, òî èìååò ìåñòî ðàâåíñòâî ΦΦ∗ = aI, è òà-
êèå ôðåéìû íàçûâàþòñÿ a-æåñòêèìè. 1-æåñòêèå ôðåéìû áóäåì íàçûâàòü
ôðåéìàìè Ïàðñåâàëÿ.

Ââåäåì íà ìíîæåñòâå ôðåéìîâ ðàçëè÷íûå êëàññû ýêâèâàëåíòíîñòè. Íà-
ïðèìåð, â âåùåñòâåííîì ñëó÷àå åñòåñòâåííî îòîæäåñòâèòü òå ôðåéìû, êîòî-
ðûå ñîâìåùàþòñÿ äðóã ñ äðóãîì â ðåçóëüòàòå ïîâîðîòà.
Îïðåäåëåíèå 2 Ôðåéìû {φi}ni=1 è {ψi}ni=1 íàçûâàþòñÿ óíèòàðíî ýêâè-

âàëåíòíûìè, åñëè ñóùåñòâóåò óíèòàðíîå ïðåîáðàçîâàíèå U, òàêîå, ÷òî ψi =
Uφi, ∀i.

1Ðàáîòà âûïîëíåíà â ðàìêàõ ðåàëèçàöèè Ïðîãðàììû ðàçâèòèÿ Íàó÷íî-îáðàçîâàòåëüíîãî ìàòåìàòè÷å-
ñêîãî öåíòðà Ïðèâîëæñêîãî ôåäåðàëüíîãî îêðóãà (ñîãëàøåíèå � 075-02-2024-1456).
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Õîðîøî èçâåñòíî, ÷òî ìàòðèöû Ãðàìà äâóõ ñèñòåì âåêòîðîâ {φi}ni=1 è
{ψi}ni=1 ñîâïàäàþò òîãäà è òîëüêî òîãäà, êîãäà ýòè ñèñòåìû óíèòàðíî ýêâè-
âàëåíòíû. Òîãäà óíèòàðíî ýêâèâàëåíòíûå ôðåéìû îäíîçíà÷íî îïðåäåëÿþòñÿ
çíà÷åíèÿìè ñêàëÿðíûõ ïðîèçâåäåíèé ⟨φi, φj⟩, i ⩽ j.

Çàìåòèì, ÷òî êëàññ óíèòàðíî ýêâèâàëåíòíûõ ôðåéìîâ çàâèñèò îò ïîðÿäêà,
â êîòîðîì ðàñïîëîæåíû âåêòîðû ôðåéìà.
Îïðåäåëåíèå 3 Áóäåì ãîâîðèòü, ÷òî äâà ôðåéìà Ïàðñåâàëÿ {φi}ni=1 è

{ψi}ni=1 ïåðåñòàíîâî÷íî óíèòàðíî ýêâèâàëåíòíû, åñëè ñóùåñòâóåò ïåðåñòà-
íîâêà σ ∈ Sn, äëÿ êîòîðîé ôðåéìû {φi}ni=1 è {ψσ(i)}ni=1 óíèòàðíî ýêâèâàëåíò-
íû.

Â ðàáîòå [3] èçó÷åíû èíâàðèàíòû íà ïåðåñòàíîâî÷íî óíèòàðíûõ êëàññàõ
ýêâèâàëåíòíîñòè ôðåéìîâ Ïàðñåâàëÿ, â ÷àñòíîñòè, íàéäåíû èíâàðèàíòû, ðàç-
äåëÿþùèå òàêèå êëàññû ýêâèâàëåíòíîñòè â îáùåì ïîëîæåíèè.
Îïðåäåëåíèå 4 Ôðåéìû Φ = {φi}ni=1 è Ψ = {ψi}ni=1 íàçûâàþòñÿ ïðîåê-

òèâíî óíèòàðíî ýêâèâàëåíòíûìè, åñëè ñóùåñòâóåò óíèòàðíîå ïðåîáðàçîâà-
íèå U è ÷èñëà αi ∈ F, |αi| = 1, äëÿ êîòîðûõ ψi = αiUφi.

Çàìåòèì, ÷òî èç óíèòàðíîé ýêâèâàëåíòíîñòè íå ñëåäóåò ïðîåêòèâíî óíè-
òàðíàÿ ýêâèâàëåíòíîñòü. Èíâàðèàíòàìè íà ïðîåêòèâíî óíèòàðíûõ êëàññàõ
ýêâèâàëåíòíîñòè ÿâëÿþòñÿ òàê íàçûâàåìûå m-ïðîèçâåäåíèÿ, ò.å. ïðîèçâåäå-
íèÿ âèäà

∆(φi1, φi2, . . . , φim) = ⟨φi1, φi2⟩⟨φi2, φi3⟩ . . . ⟨φim, φi1⟩.

Â ðàáîòå [4] ïîêàçàíî, ÷òî ôðåéìû â Hd � ïðîåêòèâíî óíèòàðíî ýêâèâàëåíò-
íû òîãäà è òîëüêî òîãäà, êîãäà ñîâïàäàþò âñå èõ m-ïðîèçâåäåíèÿ.
Îïðåäåëåíèå 5 Ôðåéìû Ïàðñåâàëÿ Φ = {φi}ni=1 è Ψ = {ψi}ni=1 íàçûâàþò-

ñÿ ïðîåêòèâíî-ïåðåñòàíîâî÷íî óíèòàðíî ýêâèâàëåíòíûìè, åñëè ñóùåñòâó-
þò óíèòàðíîå U, σ ∈ Sn è ÷èñëà αi ∈ F, |αi| = 1, äëÿ êîòîðûõ ψi = αiUφσ(i).

Â äîêëàäå ïîéäåò ðå÷ü îá èíâàðèàíòàõ íà ïðîåêòèâíî-ïåðåñòàíîâî÷íî óíè-
òàðíûõ êëàññàõ ýêâèâàëåíòíîñòè íà ôðåéìàõ Ïàðñåâàëÿ. Â ÷àñòíîñòè, áóäóò
ïîêàçàíû ðåãóëÿðíûå ôóíêöèè, ïîñòîÿííûå íà òàêèõ êëàññàõ, êîòîðûå â îá-
ùåì ïîëîæåíèè ðàçäåëÿþò ïðîåêòèâíî-ïåðåñòàíîâî÷íî óíèòàðíûå êëàññû ýê-
âèâàëåíòíîñòè ôðåéìîâ Ïàðñåâàëÿ.
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Äîêëàä îñíîâàí íà ðàáîòå àâòîðà [1].
Â äîêëàäå ïðèâîäèòñÿ íîâàÿ ôîðìóëà äëÿ õàðàêòåðîâ êîíå÷íîìåðíûõ íå-

ïðèâîäèìûõ ïðåäñòàâëåíèé äëÿ ñóïåðàëãåáðû Ëè gl(m,n). Ìû ñëåäóåì ñõåìå
äîêàçàòåëüñòâà Ñó è Æàíãà [2] ñî ñëåäóþùèìè íîâîââåäåíèÿìè. Âî ïåðâûõ
äàåòñÿ íîâîå äîêàçàòåëüñòâî è íîâàÿ ôîðìóëèðîâêà ãèïîòåçû Âàí Äåð Þã-
òà, Õîäæåñà, Êèíãà è Òåððè-Ìåã. Äàëåå èñïîëüçóþòñÿ âåñîâûå äèàãðàììû
è êýï äèàãðàììû ââåäåííûå Äæ. Áðàíäîíîì è Ê. Ñòðîïïåë. Çàòåì îïðåäå-
ëÿåòñÿ ïîëèýäð ñâÿçàííûé ñ âåñîâîé äèàãðàììîé. Õàðàêòåð íåïðèâîäèìîãî
ïðåäñòàâëåíèÿ èíòåðïðåòèðóåòñÿ êàê ïðîèçâîäÿùàÿ ôóíêöèÿ öåëûõ òî÷åê
ñîäåðæàùèõñÿ â ïîëèýäðå. Äëÿ âû÷èñëåíèÿ ýòîé ôóíêöèè èñïîëüçóåòñÿ òåî-
ðåìà Áðèîíà.
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Ïóñòü S � ïðîèçâîëüíàÿ ðåäóêòèâíàÿ àëãåáðàè÷åñêàÿ ãðóïïà. Íàçîâ¼ì
S-ñòðóêòóðîé íà àëãåáðå Ëè g ãîìîìîðôèçì Φ: S → Aut(g). S-ñòðóêòóðû
ðàíåå èçó÷àëèñü ðàçëè÷íûìè àâòîðàìè, â òîì ÷èñëå Ý.Á. Âèíáåðãîì.

Â äîêëàäå ðàññìàòðèâàþòñÿ SL2-ñòðóêòóðû. SL2-ñòðóêòóðó íàçîâ¼ì êî-
ðîòêîé, åñëè ïðåäñòàâëåíèåΦ ãðóïïû SL2 ðàçëàãàåòñÿ íà íåïðèâîäèìûå ïðåä-
ñòàâëåíèÿ ðàçìåðíîñòåé 1, 2 è 3. Åñëè ðàññìàòðèâàòü íåïðèâîäèìûå ïðåä-
ñòàâëåíèÿ ðàçìåðíîñòåé òîëüêî 1 è 3, òî ïîëó÷èòñÿ èçâåñòíàÿ êîíñòðóêöèÿ
Òèòñà-Êàíòîðà-Êåõåðà, óñòàíàâëèâàþùàÿ âçàèìíî-îäíîçíà÷íîå ñîîòâåòñòâèå
ìåæäó ïðîñòûìè éîðäàíîâûìè àëãåáðàìè è ïðîñòûìè àëãåáðàìè Ëè îïðåäå-
ë¼ííîãî âèäà.

Àíàëîãè÷íî òåîðåìå Òèòñà-Êàíòîðà-Êåõåðà â ñëó÷àå êîðîòêèõ SL2-ñòðóê-
òóð ìîæíî óñòàíîâèòü âçàèìíî-îäíîçíà÷íîå ñîîòâåòñòâèå ìåæäó ïðîñòûìè
àëãåáðàìè Ëè ñ òàêîé ñòðóêòóðîé è òàê íàçûâàåìûìè ïðîñòûìè ñèìïëåêòè-
÷åñêèìè ñòðóêòóðàìè Ëè-Éîðäàíà.

Ïóñòü íà àëãåáðå Ëè g çàäàíà SL2-ñòðóêòóðà è îòîáðàæåíèå ρ : g → gl(U)
� ëèíåéíîå ïðåäñòàâëåíèå. Ãîìîìîðôèçì Ψ: S → GL(U) íàçûâàåòñÿ SL2-
ñòðóêòóðîé íà ëèåâñêîì g-ìîäóëå U , åñëè

Ψ(s)ρ(ξ)u = ρ(Ψ(s)ξ)Ψ(s)u, ∀s ∈ S, ξ ∈ g, u ∈ U.

Ïîäîáíàÿ êîíñòðóêöèÿ èìååò èíòåðåñíûå ïðèëîæåíèÿ ê òåîðèè ïðåäñòàâ-
ëåíèé éîðäàíîâûõ àëãåáð, î êîòîðûõ áóäåò ðàññêàçàíî â äîêëàäå. Òàêæå â
äîêëàäå áóäåò ïðåäñòàâëåíà ïîëíàÿ êëàññèôèêàöèÿ íåïðèâîäèìûõ êîðîòêèõ
g-ìîäóëåé äëÿ ïðîñòûõ àëãåáð Ëè.

Ãðóïïîèä Âåéëÿ è åãî äåéñòâèå íà àôôèííîì ñóïåðÿíãèàíå
Â.À. Ñòóêîïèí

ÍÈÓ ÌÔÒÈ, Ìîñêâà, ÞÌÈ ÂÍÖ ÐÀÍ, Âëàäèêàâêàç, Ðîññèÿ
stukopin@mail.ru

Äîêëàä îñíîâàí íà ñîâìåñòíûõ ðàáîòàõ àâòîðà ñ Â.Ä. Âîëêîâûì [1], [2] è
ïîääåðæàí ãðàíòîì ÐÍÔ 23-21-00282.

Ìû îïðåäåëÿåì äåéñòâèå ãðóïïîèäà Âåéëÿ íà àôôèííîì ñóïåðÿíãèàíå
Yℏ(ŝl(m|n,Π)) ñïåöèàëüíîé ëèíåéíîé ñóïåðàëãåáðû Êàöà-Ìóäè ŝl(m|n,Π),
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çàäàííîé ïðîèçâîëüíîé ñèñòåìîé ïðîñòûõ êîðíåé Π. Àôôèííûå ñóïåðÿíãèà-
íû òàêîãî âèäà îáðàçóþò êàòåãîðèþ. Ìîðôèçìû â ýòîé êàòåãîðèè çàäàþòñÿ
äåéñòâèåì ýëåìåíòîâ ãðóïïîèäà Âåéëÿ. Âñå ñóïåðÿíãèàíû èç ýòîé êàòåãîðèè
èçîìîðôíû êàê àññîöèàòèâíûå ñóïåðàëãåáðû, íî ìîðôèçìû îïðåäåëÿåìûå
äåéñòâèåì ýëåìåíòîâ ãðóïïîèäà Âåéëÿ íå ñîõðàíÿþò êîïðîèçâåäåíèå. Ìû
îïèñûâàåì êîïðîèçâåäåíèÿ íà ñóïåðÿíãèàíàõ è èõ îòíîøåíèå ñ äåéñòâèåì
ãðóïïîèäà Âåéëÿ.

Ñïèñîê ëèòåðàòóðû
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Ä.À. Öûãàíêîâ
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Ïóñòü P ïðÿìîóãîëüíûé ìíîãîãðàííèê êîíå÷íîãî îáú¼ìà â ïðîñòðàíñòâå
Ëîáà÷åâñêîãî Ln. Ïóñòü P èìååò m ãèïåðãðàíåé F1, . . . , Fm. Ïî ìíîãîãðàííè-
êó P ìîæíî ïîñòðîèòü ïðÿìîóãîëüíóþ ãðóïïó Êîêñåòåðà:

G(P ) =
〈
g1, . . . , gm|g2i = 1, gigj = gjgi ïðè Fi ∩ Fj ̸= ∅

〉
Îáðàçóþùèå ãðóïïû G(P ) ñîîòâåòñòâóþò îòðàæåíèÿì îòíîñèòåëüíî ãè-

ïåðãðàíåé. Ãðóïïà G(P ) äåéñòâóåò îòðàæåíèÿìè íà Ln. Ôàêòîðïðîñòðàíñòâî
Ln/G(P ) ïðåäñòàâëÿåò ñîáîé èñõîäíûé ìíîãîãðàííèê P .

Îäíàêî òàêîå äåéñòâèå íå ÿâëÿåòñÿ ñâîáîäíûì. Èìååòñÿ ñïîñîá (èç [1])
íàéòè ïîäãðóïïû èíäåêñà 2k â G(P ) òàêèå, ÷òî îíè äåéñòâóþò ñâîáîäíî íà
Ln.

Ïóñòü ϕ(k) : G(P ) −→ Zk
2 ýïèìîðôèçì, ÿäðî êîòîðîãî íå èìååò ýëåìåíòîâ

êîíå÷íîãî ïîðÿäêà. Òîãäà Kerϕ(k) äåéñòâóåò ñâîáîäíî íà Ln, à Ln/Kerϕ(k)

ïðåäñòàâëÿåò ñîáîé ãèïåðáîëè÷åñêîå ìíîãîîáðàçèå, ñêëååííîå èç 2k êîïèé
ìíîãîãðàííèêà P .
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ß ðàññêàæó î ìåòîäàõ âû÷èñëåíèÿ (èñïîëüçîâàíû ðåçóëüòàòû èç [2], [3])
êîãîìîëîãèé ñ êîýôôèöèåíòàìè â Z2, êîòîðûå ïðèìåíèìû äëÿ íåêîòîðûõ
ìíîãîãðàííèêîâ P äëÿ ìèíèìàëüíî âîçìîæíîãî k. Â ñëó÷àå êîìïàêòíûõ ìíî-
ãîãðàííèêîâ P ýòî ñîîòâåòñòâóåò âû÷èñëåíèþ êîãîìîëîãèé ìàëûõ íàêðûòèé
íàä P .

Ýïèìîðôèçì ϕ(k) ðàñêëàäûâàåòñÿ â êîìïîçèöèþ: G(P )
Ab−→ Zm

2
Λ−→ Zk

2 , ãäå
Λ Z2−ëèíåéíîå îòîáðàæåíèå, Ab ãîìîìîðôèçì àáåëåíèçàöèè. Òî åñòü, âñå
ìíîãîîáðàçèÿ âèäà Ln/Kerϕ(k) ñòðîÿòñÿ ïî êîìáèíàòîðíûì äàííûì: ìíî-
ãîãðàííèê P è ìàòðèöà Λ. Ââåä¼ì îáîçíà÷åíèå λi = λi1v1 + · · · + λimvm, ãäå
λij ∈ Z2 ýëåìåíòû ìàòðèöû Λ, à vi ñòàíäàðòíûå îáðàçóþùèå àëãåáðû Ñòåíëè-
Ðàéñíåðà Z2[KP ], KP � íåðâ-êîìïëåêñ ìíîãîãðàííèêà P .
Òåîðåìà. Ïóñòü P ïðÿìîóãîëüíûé ìíîãîãðàííèê êîíå÷íîãî îáú¼ìà â Ln.

Òîãäà:
1)Åñëè âñå âåðøèíû P ëåæàò íà àáñîëþòå ∂Ln, òî

H∗(Ln/Kerϕ(n−1);Z2) = Z2[KP ]/(λ1, . . . , λn−1)

2)Åñëè òîëüêî îäíà âåðøèíà P ëåæèò íà àáñîëþòå ∂Ln, òî

H∗(Ln/Kerϕ(n);Z2) = Z2[KP ]/(λ1, . . . , λn)

Ñòîèò çàìåòèòü, ÷òî äëÿ äðóãèõ ìíîãîãðàííèêîâ P òàêîãî ïðîñòîãî îïè-
ñàíèÿ êîëüöà êîãîìîëîãèé íåò, õîòÿ è ñóùåñòâóåò äãà ìîäåëü [3].
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Ìíîãîîáðàçèÿ ñ äåéñòâèåì òîðà ñëîæíîñòè 1, èìåþùèå êîíå÷íîå
÷èñëî îðáèò ãðóïïû àâòîìîðôèçìîâ

Ä.À. ×óíàåâ
ÌÃÓ èì. Ì.Â. Ëîìîíîñîâà, ÍÈÓ ÂØÝ, Ìîñêâà, Ðîññèÿ

dchunaev@hse.ru

Äîêëàä îñíîâàí íà ñîâìåñòíîé ðàáîòå àâòîðà ñ Ñ. Ãàéôóëëèíûì [1].
Ïóñòü K � àëãåáðàè÷åñêè çàìêíóòîå ïîëå íóëåâîé õàðàêòåðèñòèêè. Òîãäà

òðèíîìèàëüíîé ãèïåðïîâåðõíîñòüþ ìû íàçûâàåì àôôèííóþ ãèïåðïîâåðõ-
íîñòü â An, çàäàííóþ óðàâíåíèåì

T l0
0 + T l1

1 + T l2
2 = 0,

ãäå li = (li1, . . . lini
), âñå lij > 0 è T li

i = T li1
i1 . . . T

lini
ini

, n0 ⩾ 0 (åñëè n0 = 0, òî
ïåðâûé ìîíîì ñ÷èòàåì ðàâíûì åäèíèöå), n1, n2 > 0, n0 + n1 + n2 = n.

Òðèíîìèàëüíûå ãèïåðïîâåðõíîñòè ÿâëÿþòñÿ ÷àñòíûì ñëó÷àåì áîëåå îáùå-
ãî êëàññà òðèíîìèàëüíûõ ìíîãîîáðàçèé � òàêèõ àôôèííûõ ìíîãîîáðàçèé,
êîòîðûå ìîæíî çàäàòü ñèñòåìàìè óðàâíåíèé {gi = 0}, ãäå gi èìåþò ñëåäóþ-
ùèé âèä:

Òèï 1.
gi = T li

i − T
li+1

i+1 + ai − ai+1, 1 ⩽ i ⩽ r − 1,

ãäå ai � ïîïàðíî ðàçëè÷íûå ÷èñëà.

Òèï 2.

gi = det

 T li
i T

li+1

i+1 T
li+2

i+2

a0i a0i+1 a0i+2

a1i a1i+1 a1i+2

 , 0 ⩽ i ⩽ r − 2,

ãäå aij � òàêèå ÷èñëà, ÷òî ó ñëåäóþùåé ìàòðèöû ñòîëáöû ïîïàðíî íåçàâèñè-
ìû:

A =

(
a00 a01 . . . a0r
a10 a11 . . . a1r

)
.

Òðèíîìèàëüíûå ìíîãîîáðàçèÿ ÿâëÿþòñÿ ïðèìåðàìè ìíîãîîáðàçèé, äîïóñ-
êàþùèõ äåéñòâèå òîðà ñëîæíîñòè 1, òî åñòü ýôôåêòèâíîå äåéñòâèå òîðà ðàç-
ìåðíîñòè íà 1 ìåíüøåé, ÷åì ó ìíîãîîáðàçèÿ. Êðîìå òîãî, êàê äîêàçàíî â
[2], ó ïðîèçâîëüíîãî íîðìàëüíîãî ðàöèîíàëüíîãî íåïðèâîäèìîãî ìíîãîîáðà-
çèÿ áåç íåïîñòîÿííûõ îáðàòèìûõ ôóíêöèé, êîòîðîå äîïóñêàåò äåéñòâèå òîðà
ñëîæíîñòè 1, òîòàëüíîå êîîðäèíàòíîå ïðîñòðàíñòâî, ïîëó÷åííîå ñ ïîìîùüþ
êîíñòðóêöèè Êîêñà, áóäåò òðèíîìèàëüíûì ìíîãîîáðàçèåì.
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Áóäåì íàçûâàòü àôôèííîå ìíîãîîáðàçèå X æåñòêèì, åñëè îíî íå äîïóñ-
êàåò íåòðèâèàëüíûõ Ga - äåéñòâèé. Êðèòåðèé æåñòêîñòè äëÿ òðèíîìèàëüíûõ
ìíîãîîáðàçèé áûë ïîëó÷åí â [3]. Â ðàáîòå [4] áûëî äîêàçàíî, ÷òî ó íåæåñò-
êîé òðèíîìèàëüíîé ãèïåðïîâåðõíîñòè X ÷èñëî îðáèò ãðóïïû àâòîìîðôèçìîâ
Aut(X) êîíå÷íî. Ïðè ýòîì èç [5] èçâåñòíî, ÷òî ó æåñòêèõ òðèíîìèàëüíûõ
ãèïåðïîâåðõíîñòåé ÷èñëî îðáèò ãðóïïû àâòîìîðôèçìîâ áåñêîíå÷íî.

Â äîêëàäå ìû ðàññìîòðèì ðåçóëüòàòû ðàáîòû [1], îáîáùàþùèå ðåçóëüòàòû
ðàáîòû [4]: áóäåò ðàññêàçàíî ïðî òî, ÷òî ó íåæåñòêîãî òðèíîìèàëüíîãî ìíî-
ãîîáðàçèÿ êîíå÷íîå ÷èñëî îðáèò ãðóïïû àâòîìîðôèçìîâ, à òàêæå ïðî îáîá-
ùåíèÿ ýòîãî ðåçóëüòàòà, ïîëó÷åííûå ñ èñïîëüçîâàíèåì êîíñòðóêöèè Êîêñà,
íà íåêîòîðûå ìíîãîîáðàçèÿ ñ äåéñòâèåì òîðà ñëîæíîñòè 1.
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Ìíîãîîáðàçèÿ, äîïóñêàþùèå äåéñòâèÿ óíèïîòåíòíûõ ãðóïï
ñ êîíå÷íûì ÷èñëîì îðáèò

À.À. Øàôàðåâè÷
ÌÃÓ èì. Ì.Â. Ëîìîíîñîâà, ÍÈÓ ÂØÝ, Ìîñêâà, Ðîññèÿ

shafarevich.a@gmail.com

Â ñâîåì äîêëàäå ÿ ðàññêàæó ïðî ïîëíûå ìíîãîîáðàçèÿ, íà êîòîðûõ åñòü
äåéñòâèå óíèïîòåíòíîé ãðóïïû ñ êîíå÷íûì ÷èñëîì îðáèò. Òàêèå ìíîãîîáðà-
çèÿ ïðåäñòàâëÿþò èíòåðåñ, òàê êàê ÿâëÿþòñÿ êîíå÷íûìè îáúåäèíåíèÿìè àô-
ôèííûõ ïðîñòðàíñòâ. Ñðåäè ïîëíûõ ñèìïëèöèàëüíûõ òîðè÷åñêèõ ìíîãîîá-
ðàçèé óäàëîñü îïèñàòü âñå òå, íà êîòîðûõ åñòü äåéñòâèå óíèïîòåíòíîé ãðóïïû
ñ êîíå÷íûì ÷èñëîì îðáèò.

Ïóñòü X ïîëíîå òîðè÷åñêîå ìíîãîîáðàçèå, íà êîòîðîì ýôôåêòèâíî äåé-
ñòâóåò òîð T ñ îòêðûòîé îðáèòîé, à Σ � ñîîòâåòñòâóþùèé åìó âååð â ðåøåò-
êå îäíîïàðàìåòðè÷åñêèõ ïîäãðóïï T . Âååð Σ íàçûâàåòñÿ ðàäèàëüíûì, åñëè
â ðåøåòêå ìîæíî âûáðàòü áàçèñ òàêèì îáðàçîì, ÷òîáû íà êàæäîì èç áàçèñ-
íûõ âåêòîðîâ ëåæàë ëó÷ èç âååðà Σ, à âñå îñòàëüíûå ëó÷è èç Σ ëåæàëè â
îòðèöàòåëüíîì îêòàíòå.

Äëÿ êàæäîãî êîíóñà σ ∈ Σ ìîæíî îïðåäåëèòü ìîíîèä Γ(σ), ñîäåðæàùèéñÿ
â ãðóïïå êëàññîâ äèâèçîðîâ íà X, êîòîðûé ïîðîæäåí êëàññàìè [Dρ], ãäå Dρ �
ïðîñòîé T -èíâàðèàíòíûé äèâèçîð íà X, ñîîòâåòñòâóþùèé ëó÷ó ρ, êîòîðûé
íå ëåæèò â êîíóñå σ.

Òåîðåìà. Ïóñòü X � ïîëíîå ñèìïëèöèàëüíîå òîðè÷åñêîå ìíîãîîáðàçèå è
Σ � ñîîòâåòñòâóþùèé âååð. Òîãäà íà X åñòü äåéñòâèå óíèïîòåíòíîé ãðóïïû
ñ êîíå÷íûì ÷èñëîì îðáèò òîãäà è òîëüêî òîãäà, êîãäà âååð Σ ðàäèàëüíûé è
ìîíîèäû Γ(σ) ñâîáîäíûå äëÿ âñåõ σ ∈ Σ.
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Îá îáðàùåíèè îòîáðàæåíèÿ Àáåëÿ�Ïðèìà
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sheinman@mi-ras.ru

Ïðåîáðàçîâàíèå Àáåëÿ îòîáðàæàåò ñèììåòðè÷åñêóþ ñòåïåíü ðèìàíîâîé
ïîâåðõíîñòè ñ ïîêàçàòåëåì, ðàâíûì å¼ ðîäó, â àáåëåâî ìíîãîîáðàçèå � ÿêî-
áèàí ýòîé ðèìàíîâîé ïîâåðõíîñòè. Ýòî îòîáðàæåíèå ÿâëÿåòñÿ áèðàöèîíàëü-
íîé ýêâèâàëåíòíîñòüþ. Îáðàùåíèå ïðåîáðàçîâàíèÿ Àáåëÿ ÿâëÿåòñÿ êëàññè-
÷åñêîé ïðîáëåìîé, èçâåñòíîé êàê ïðîáëåìà îáðàùåíèÿ ßêîáè. Åñëè ðèìàíî-
âà ïîâåðõíîñòü ñíàáæåíà ãîëîìîðôíîé èíâîëþöèåé, òî ñ íåé ñâÿçàíî äðóãîå
àáåëåâî ìíîãîîáðàçèå � ìíîãîîáðàçèå Ïðèìà, èëè ïðèìèàí. Íàïðèìåð, èí-
âàðèàíòíûå òîðû ñèñòåì Õèò÷èíà ñî ñòðóêòóðíîé ãðóïïîé GL(n) ÿâëÿþòñÿ
ÿêîáèàíàìè ñïåêòðàëüíûõ êðèâûõ, à äëÿ ñèñòåì ñî ñòðóêòóðíûìè ãðóïïàìè
SO(2n) è Sp(2n) � ïðèìèàíàìè.

Äëÿ ïðèìèàíîâ, âîîáùå ãîâîðÿ, èìååòñÿ ïðåïÿòñòâèå äàæå äëÿ òîãî ÷òîáû
ïîñòàâèòü ïðîáëåìó îáðàùåíèÿ, íå ãîâîðÿ óæå î å¼ ðåøåíèè. Êàê ñëåäñòâèå,
íå èçâåñòíî è ïðåäñòàâëåíèé ïðèìèàíîâ â âèäå ñèììåòðè÷åñêèõ ñòåïåíåé êðè-
âûõ. Ìû óòâåðæäàåì, ÷òî ïðè íàëè÷èè íà ðèìàíîâîé ïîâåðõíîñòè âòîðîé ãî-
ëîìîðôíîé èíâîëþöèè, êîììóòèðóþùåé ñ ïåðâîé, ïðè÷¼ì äèôôåðåíöèàëû
Ïðèìà îòíîñèòåëüíî ïåðâîé èíâîëþöèè èíâàðèàíòíû îòíîñèòåëüíî âòîðîé,
ïðîáëåìó îáðàùåíèÿ ìîæíî ïîñòàâèòü è ðåøèòü, à òàêæå ïîëó÷èòü ïðåäñòàâ-
ëåíèå ïðèìèàíà â âèäå ñèììåòðè÷åñêîé ñòåïåíè íåêîòîðîé êðèâîé.

Ýòîò ðåçóëüòàò èìååò ïðèëîæåíèÿ â òåîðèè èíòåãðèðóåìûõ ñèñòåì, â òîì
÷èñëå ïîçâîëèë âïåðâûå ðåøèòü â òýòà ôóíêöèÿõ ñèñòåìó Õèò÷èíà ñî ñòðóê-
òóðíîé ãðóïïîé SO(4).

Äîêëàä îñíîâàí íà ðàáîòàõ [1, 2].
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Êîíå÷íûå ïðîñòûå ãðóïïû ëèåâà òèïà ðàíãà 1,
óäîâëåòâîðÿþùèå ñèëüíîé π-òåîðåìå Ñèëîâà

Â.Ä. Øåïåëåâ
Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò,

Íîâîñèáèðñê, Ðîññèÿ
v.shepelev@g.nsu.ru

Ïóñòü çàôèêñèðîâàíî íåêîòîðîå ìíîæåñòâî π ïðîñòûõ ÷èñåë. Êîíå÷íàÿ
ãðóïïà íàçûâàåòñÿ π-ãðóïïîé, åñëè âñå ïðîñòûå äåëèòåëè åå ïîðÿäêà ïðèíàä-
ëåæàò π. Â ñîîòâåòñòâèè ñ îïðåäåëåíèåì Õ.Âèëàíäà êîíå÷íàÿ ãðóïïà óäîâëå-
òâîðÿåò ñèëüíîé π-òåîðåìå Ñèëîâà, åñëè ìàêñèìàëüíûå π ïîäãðóïïû ëþáîé
åå ïîäãðóïïû H ñîïðÿæåíû â H.

Âèëàíä [1] ïîñòàâèë âîïðîñ î êëàññèôèêàöèè êîíå÷íûõ ïðîñòûõ ãðóïï,
óäîâëåòâîðÿþùèõ ñèëüíîé π-òåîðåìå Ñèëîâà. Ìàíçàåâà [2] îïèñàëà ïðîñòûå
ñïîðàäè÷åñêèå è çíàêîïåðåìåííûå ãðóïïû, óäîâëåòâîðÿþùèå ñèëüíîé π-òåî-
ðåìå Ñèëîâà. Ðàíåå äîêëàä÷èêîì [3] áûëè íàéäåíû óñëîâèÿ, õàðàêòåðèçóþ-
ùèå âûïîëíåíèå ñèëüíîé π-òåîðåìû Ñèëîâà äëÿ ãðóïï èç ñåðèè L2(q).

Â äîêëàäå â òåðìèíàõ åñòåñòâåííûõ àðèôìåòè÷åñêèõ ïàðàìåòðîâ áóäóò
ïðèâåäåíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ äëÿ òîãî, ÷òîáû êîíå÷íûå
ïðîñòûå ãðóïïû ëèåâà òèïà, ïðèíàäëåæàùèå ñåðèÿì 2B2(q), 2G2(q) è U3(q),
óäîâëåòâîðÿëè ñèëüíîé π-òåîðåìå Ñèëîâà. Òàêèì îáðàçîì, ïðîáëåìà Âèëàíäà
ðåøåíà äëÿ âñåõ ãðóïï ëèåâà òèïà ðàíãà 1.

Îïðåäåëåíèå. Ïóñòü r ∈ P, a ∈ N, (a, r) = 1.

ord∗r a = min{d ∈ N | ad ≡ 1 (mod r · (r, 2))}.

Òåîðåìà. Ïóñòü p ∈ P, q = p2
km äëÿ íåêîòîðûõ íå÷¼òíîãî m è íåîò-

ðèöàòåëüíîãî k. Ïîëîæèì òàêæå q0 := pm è τ := π ∩ π(PSL2(q)). Òîãäà
PSL2(q) ∈ Wπ åñëè è òîëüêî åñëè âûïîëíåíî îäíî èç ñëåäóþùèõ óñëîâèé:

� π(PSL2(q)) ⊆ π;

� p = 2, τ = {2};

� 2 /∈ π, p ∈ π, |{3, 5} ∩ τ | ≤ 1 è τ ⊆ {p} ∪ π(q0 − 1);

� p /∈ π, |{2, 3, 5} ∩ τ | ≤ 1 è ord∗r q0 = ord∗s q0 äëÿ ëþáûõ r, s ∈ τ .

Òåîðåìà. Ïóñòü q = 22m+1 äëÿ íåêîòîðîãî m ∈ N ∪ {0}. Ïîëîæèì òàêæå
τ := π ∩ π(Sz(q)). Òîãäà Sz(q) ∈ Wπ åñëè è òîëüêî åñëè Sz(q) ∈ Dπ, òî åñòü
åñëè âûïîëíåíî îäíî èç ñëåäóþùèõ óñëîâèé:
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� π(Sz(q)) ⊆ π;

� τ = {2};

� τ ⊆ π(q − 1);

� τ ⊆ π(22m+1 − 2m+1 · ε+ 1), ãäå ε = ±1.

Òåîðåìà. Ïóñòü q = 33
k·m äëÿ íåêîòîðîãî íåîòðèöàòåëüíîãî k è íå÷¼òíîãî

m òàêîãî, ÷òî (m, 3) = 1. Ïîëîæèì òàêæå q0 := 3m è τ := π∩π(Ree(q)). Òîãäà
Ree(q) ∈ Wπ åñëè è òîëüêî åñëè âûïîëíåíî îäíî èç ñëåäóþùèõ óñëîâèé:

� π(Ree(q)) ⊆ π èëè |τ | ≤ 1;

� 2 /∈ π è τ ⊆ {3} ∪ π(q − 1);

� 2 /∈ π è τ ⊆ π(32m+1 − 3m+1 · ε+ 1), ãäå ε = ±1;

� 2 ∈ π è τ ⊆ π(q0 + 1).

Â ÷àñòíîñòè, åñëè k = 0, òî Ree(q) ∈ Wπ åñëè è òîëüêî åñëè Ree(q) ∈ Dπ.

Îïðåäåëåíèå. Ïóñòü p ∈ P, q = p2
α·3β ·m äëÿ íåêîòîðûõ íå÷¼òíîãî m òà-

êîãî, ÷òî (m, 3) = 1 è α, β ≥ 0. Ïîëîæèì òàêæå q0 := p3
β ·m, q1 := p2

α·m è
τ := π ∩ π(PSU3(q)).

Áóäåì ãîâîðèòü, ÷òî äëÿ PSU3(q) ñïðàâåäëèâî óñëîâèå (∗), åñëè èìååò ìå-
ñòî îäèí èç ñëåäóþùèõ ïóíêòîâ:

� π(PSU3(q)) ⊆ π èëè |τ | ≤ 1;

� p ∈ π, 2 /∈ π, |{3, 5} ∩ τ | ≤ 1 è τ ⊆ {p} ∪ π(q0 − 1);

� 2, p /∈ π, τ ⊆ {3} ∪ π(q2 − q + 1), ïðè÷¼ì åñëè 3 ∈ π, òî (q − 1)3 = 3;

� p /∈ π, |τ ∩ {2, 3, 5}| ≤ 1, 7 /∈ τ ∩ π(q3 + 1), τ ⊆ π(q − ε) äëÿ íåêîòîðîãî
ε = ±1, è ord∗r q 1−ε

2
= ord∗s q 1−ε

2
äëÿ ëþáûõ r, s ∈ τ.

Òåîðåìà. Ãðóïïà PSU3(q) ∈ Wπ, åñëè è òîëüêî åñëè äëÿ PSU3(q) ñïðà-
âåäëèâî óñëîâèå (∗) è èìååò ìåñòî îäèí èç ñëåäóþùèõ ïóíêòîâ:

� p ̸= 5 èëè q ̸= q0;

� p = 5, q = q0 è |τ ∩ {2, 3, 5, 7}| ≤ 1.
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Ãðóïïû àâòîìîðôèçìîâ êîìïàêòíûõ êîìïëåêñíûõ ìíîãîîáðàçèé ìîãóò
áûòü óñòðîåíû äîâîëüíî ñëîæíî, îäíàêî âî ìíîãèõ ñëó÷àÿõ èõ êîíå÷íûå
ïîäãðóïïû äåìîíñòðèðóþò õîðîøèå ñâîéñòâà. ß ñäåëàþ îáçîð ðåçóëüòàòîâ è
îæèäàíèé îá îãðàíè÷åííîñòè êîíå÷íûõ ïîäãðóïï â ãðóïïàõ àâòîìîðôèçìîâ
êîìïàêòíûõ êîìïëåêñíûõ ìíîãîîáðàçèé è â íåêîòîðûõ èõ ôàêòîð-ãðóïïàõ.
Â ÷àñòíîñòè, ìû îáñóäèì óñëîâèÿ, ïðè êîòîðûõ ãðóïïà ñâÿçíûõ êîìïîíåíò
ãðóïïû àâòîìîðôèçìîâ êîìïàêòíîãî êîìïëåêñíîãî ìíîãîîáðàçèÿ èìååò îãðà-
íè÷åííûå êîíå÷íûå ïîäãðóïïû.

Ãàëåðåè äëÿ ïîäñèñòåì êîðíåé
Â.Â. Ùèãîëåâ

Ôèíàíñîâûé óíèâåðñèòåò ïðè Ïðàâèòåëüñòâå ÐÔ
shchigolev_vladimir@yahoo.com

Äîêëàä îñíîâàí íà ðàáîòå àâòîðà [3]. Ïóñòü Φ � (êîíå÷íàÿ) ñèñòåìà êîð-
íåé. Ïîäìíîæåñòâî Ψ ⊂ Φ íàçûâàåòñÿ ïîäñèñòåìîé êîðíåé ñèñòåìû Φ, åñ-
ëè îíî íå ïóñòî è óñòîé÷èâî îòíîñèòåëüíî îòðàæåíèé îòíîñèòåëüíî êîðíåé
α ∈ Ψ (äðóãèìè ñëîâàìè, åñëè Ψ ñàìà ÿâëÿåòñÿ êîðíåâîé ñèñòåìîé). Ïîäñè-
ñòåìû êîðíåé èçó÷àëèñü ðàçëè÷íûìè àâòîðàìè, íàïðèìåð [4] è [2]. Îñîáåí-
íî øèðîêóþ èçâåñòíîñòü ïîëó÷èëà òåîðèÿ Áîðåëÿ-Çèáåíòàëÿ [1], óñòàíîâèâ-
øàÿ ñâÿçü ìåæäó çàìêíóòûìè ñâÿçíûìè ïîäãðóïïàìè êîìïàêòíûõ ïîäãðóïï
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Ëè ìàêñèìàëüíîãî ðàíãà è ìàêñèìàëüíûìè çàìêíóòûìè êîðíåâûìè ïîäñè-
ñòåìàìè.

Óäîáíî ïðåäïîëàãàòü, ÷òî ñèñòåìà êîðíåé Φ è å¼ ïîäñèñòåìà Ψ ÿâëÿþòñÿ
ïîäìíîæåñòâàìè îäíîãî è òîãî æå åâêëèäîâà ïðîñòðàíñòâà E. Õîòÿ ýòî ïðåä-
ïîëîæåíèå è çàñòàâëÿåò îòêàçàòüñÿ îò òðåáîâàíèÿ î òîì, ÷òî ñèñòåìà êîðíåé
äîëæíà ïîðîæäàòü îáúåìëþùåå åâêëèäîâî ïðîñòðàíñòâî (èíîãäà ðàññìàò-
ðèâàåìîå êàê îáÿçàòåëüíóþ àêñèîìó), îíî ïîçâîëÿåò ñóùåñòâåííî óïðîñòèòü
ðàçâèâàåìóþ òåîðèþ. Êàìåðîé Âåéëÿ ñèñòåìû Φ (ñèñòåìû Ψ) íàçûâàåòñÿ ëþ-
áàÿ ñâÿçíàÿ êîìïîíåíòà ðàçíîñòè E −

⋃
α∈Φ Lα (ðàçíîñòè E −

⋃
α∈Ψ Lα), ãäå

Lα � ãèïåðïëîñêîñòü â E, ïåðïåíäèêóëÿðíàÿ êîðíþ α, íàçûâàåìàÿ ñòåíêîé.
Òàêèì îáðàçîì, ëþáàÿ êàìåðà Âåéëÿ ñèñòåìû Φ ÿâëÿåòñÿ ïîäìíîæåñòâîì
åäèíñòâåííîé êàìåðû Âåéëÿ ñèñòåìû Ψ, êîòîðàÿ íàçûâàåòñÿ å¼ ïðîåêöèåé. Â
äîêëàäå ÿ ðàññêàæó, êàê óñòðîåíà îáðàòíàÿ îïåðàöèÿ ïîäíÿòèÿ êàìåð.

Îïåðàöèè ïðîåêöèè è ïîäíÿòèÿ ìîãóò ïðèìåíÿòüñÿ ê ðàçìå÷åííûì ãàëå-
ðåÿì êàìåð Âåéëÿ, òî åñòü ê ïîñëåäîâàòåëüíîñòÿì

Γ = (C0, L1, C1, L2, . . . , Cn−1, Ln, Cn),

ãäå C0, C1, . . . , Cn � êàìåðû è L1, . . . , Ln � ñòåíêè òàêèå, ÷òî äëÿ ëþáîãî
i = 1, . . . , n êàìåðû Ci−1 è Ci ñâÿçàíû ÷åðåç ñòåíêó Li, òî åñòü ïåðåñå÷åíèå
çàìûêàíèé è ñòåíêè C i−1 ∩ C i ∩ Li èìååò êîðàçìåðíîñòü 1.

Ïëàíèðóåòñÿ îáñóäèòü, êàê âûøåîïèñàííûå îïåðàöèè ïðèâîäÿò ê êîñîýê-
âèâàðèàíòíûì âëîæåíèÿì ìîäóëåé Áîòòà-Ñàìåëüñîíà è âû÷èñëèòü èíäóöè-
ðîâàííûå òàêèìè âëîæåíèÿìè ìîðôèçìû ãðóïï ýêâèâàðèàíòíûõ êîãîìîëî-
ãèé. Òî÷íàÿ ôîðìóëà ïîëó÷åíà â ñëó÷àå êîëåö êîýôôèöèåíòîâ, äëÿ êîòîðûõ
âûïîëíÿåòñÿ òåîðåìà î ëîêàëèçàöèè.
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Local derivations and automorphisms have been objects of many research works
in recent years. Even many results have been addressed in this direction, there are
still lots of related unsolved problems. R.V.Kadison, D.R.Larson and A.R.Sourour
�rst introduced the notion of local derivations on algebras in their remarkable
paper [8, 10]. After that many research papers have been published regarding
local derivations of non-associative algebras (e.g. see [6, 5, 9, 1]). For instanñe, it
is proved that every local derivation on a �nite-dimensional semisimple Lie algebra
L over an algebraically closed �eld of characteristic zero is a derivation (see [6]).
Moreover, local derivations of solvable Lie algebras are investigated in [5], and it is
shown that there exist solvable Lie algebras which admit local derivations which
are not ordinary derivation. However, it is also proved that there are solvable
Lie algebras for which every local derivation is a derivation (see [5]). Recently, in
[9], the authors proved that every local derivation on solvable Lie algebras whose
nilradical has maximal rank is a derivation. Further, it also is proved that every
local derivation on the conformal Galilei algebra is a derivation (see [1]). Recently,
in [2, 3], the authors proved that every local derivation on the Schr�odinger algebra
sn in (n + 1)-dimensional space-time is a derivation when n ∈ N. A.Alauadinov
and B.Yusupov proved similar results concerning local super-derivations on the
super Schr�odinger algebras in their recent paper [4].

In this paper, we will study local super-derivations on the n-th super Schr�odinger
algebras.

We begin by providing some conventions in this paper. Denote the degree for
Z2-graded vector spaces g = g0 ⊕ g1 by

|x| =

{
0, if x ∈ g0

1, if x ∈ g1
.

Elements in g0 or g1 are called homogeneous. We regard x as a Z2-homogeneous
element when |x| occurs in some expression. A linear map ϕ : g → g is a
homogeneous linear map of degree α ∈ Z2, i.e. |ϕ| = α, provided that

ϕ (gβ) ⊆ gα+β,∀β ∈ Z2.

Similarly, a bilinear map φ : g × g → g is a homogeneous bilinear map of
degree α ∈ Z2, i.e. |φ| = α if it satis�es that
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φ (gβ, gγ) ⊆ gα+β+γ,∀β, γ ∈ Z2.

Moreover, if |ϕ| or |φ| occurs in some expression, we regard it as a homogeneous
map.
De�nition 1. The n-th super Schr�odinger algebra Sn = (Sn)0⊕(Sn)1 is a (3n+

6)-dimensional Lie superalgebra with the even part (Sn)0 = spanC{e, f, h, z, p1,
. . . , pn, q1, . . . , qn} and the odd part (Sn)1 = spanC {E,F,G1, · · · , Gn} satisfying
the following non-vanishing Lie super brackets:

[h, e] = 2e, [h, f ] = −2f, [h, pi] = pi, [h, qi] = −qi;

[e, f ] = h, [pi, qj] = δijz, [e, qi] = pi, [pi, f ] = −qi;
[h,E] = E, [h, F ] = −F, [e, F ] = −E, [f, E] = −F, [pi, F ] = Gi, [qi, E] = Gi;

[E,E] = 2e, [F, F ] = −2f, [Gi, Gj] = δijz, [E,F ] = h, [E,Gi] = −pi, [F,Gi] = qi.

De�nition 2. Let g be a Lie superalgebra. A homogeneous linear map D :
g → g is called a super-derivation of g if

D([x, y]) = [D(x), y] + (−1)|D∥x|[x,D(y)],∀x, y ∈ g.

WriteDerα(g) for the set of all homogeneous super-derivations of degree α ∈ Z2

of g. Then Der(g) = Der0(g)⊕Der1(g). For arbitrary x ∈ g, it is easy to see that
the map adx : g → g de�ned by ad x(y) = [x, y] for all y ∈ g is a super-
derivation of g, which is termed an inner super-derivation. The set of all inner
super-derivations is denoted by IDer(g). Clearly, IDer(g) = IDer0(g)⊕ IDer1(g).

In the rest of this section, we will determine all super-derivations of the n-th
super Schr�odinger algebra Sn. Assume that n ≥ 2. For any 1 ≤ i < j ≤ n, we
de�ne an even linear map ρij : Sn → Sn as follows:

ρij|lsp(1|2) = 0, ρij(z) = 0, ρij (pk) = δikpj − δjkpi; (2.1)

ρij (qk) = δikqj − δjkqi, ρij (Gk) = δikGj − δjkGi,∀1 ≤ k ≤ n. (2.2)

One can easily verify that ρij(1 ≤ i < j ≤ n) is an even outer super-derivation
of Sn. We de�ne another outer super-derivation δ of Sn by

δ|osp(1|2) = 0, δ (pi) = pi, δ (qi) = qi, δ(z) = 2z, δ (Gi) = Gi,∀1 ≤ i ≤ n. (2.3)
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In particular, we note that ρij|(Sn)0 (1 ≤ i < j ≤ n and δ|(Sn)0 are outer deriva-
tions of the n-th Schr�odinger algebra (Sn)0. Next, we recall the derivation algebra
of the n-th Schr�odinger algebra given in [11], which is also obtained in [7] by a
di�erent approach.

We use the following Theorem given in [7],[11].

Theorem 1. Der (Sn) = IDer (Sn)⊕
(

⊕
1≤i<j≤n

Cρij
)
⊕ Cδ, where ρij(1 ≤ i <

j ≤ n) and δ are de�ned by Eqs. (2.1)-(2.3).
Now we give the main theorem concerning local super-derivations on the n-th

super Schr�odinger algebras Sn.
Theorem 2. Every local super-derivation on Sn is a super-derivation.
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In this work we investigate Leibniz dialgebras and give the complete classi�ca-
tion of two dimensional Leibniz dialgebras.

Leibniz algebras are non-commutative analogues of Lie algebras. The identity
of the variety of right Leibniz algebras is the condition stating that each operator
of right multiplication is a derivation, i.e. [1]:

(xy)z = x(yz) + (xz)y.

Firstly, J.�L. Loday gives de�nition of associative dialgebras in [2], which is
the vector space A with two bilinear operations �⊣�,�⊢�, which satis�es following
identities:

(x ⊣ y) ⊢ z = (x ⊢ y) ⊢ z, x ⊣ (y ⊢ z) = x ⊣ (y ⊣ z), (1)

(x ⊢ y) ⊢ z = x ⊢ (y ⊢ z), (x ⊣ y) ⊣ z = x ⊣ (y ⊣ z), (2)

(x ⊢ y) ⊣ z = x ⊢ (y ⊣ z). (3)

The notion of dialgebras can be de�ned for any class of algebras. In [3] Kolesnikov
gave the method of construction of dialgebra for any variety of algebras. In [3]
assumed that (1) identity must hold for any kind of dialgebras.
De�nition 1 A vector spaces A with two �⊣�, �⊢� bilinear operations is said

to be a �0−dialgebra� if A satis�es the identities (1). By using the method of
Kolesnikov, we �nd identities of Leibniz dialgebras and it given by following
de�nition.
De�nition 2 A 0-dialgebra A is said to be a Leibniz dialgebra if A satis�es

the identities

(x ⊣ y) ⊣ z − (x ⊣ z) ⊣ y − x ⊣ (y ⊣ z) = 0, (4)

(x ⊢ y) ⊣ z − (x ⊢ z) ⊢ y − x ⊢ (y ⊣ z) = 0, (5)
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(x ⊢ y) ⊢ z − (x ⊢ z) ⊣ y − x ⊢ (y ⊢ z) = 0. (6)

From (4) it implies that (A, ⊣) is the (right) Leibniz algebra. From this assertion
it can be concluded that any Leibniz dialgebra corresponds to certain Leibniz
algebra. In this work we consider the description of 2-dimensional Leibniz dialge-
bras by using the classi�cation of 2-dimensional Leibniz algebras [4].
Theorem 1 [4]. Up to isomorphism, there exist four families of two dimensional

Leibniz algebras over any �eld:
L(1): abelian algebra
L(2): e1 ⊣ e2 = −e2 ⊣ e2 = e1;
L(3): e2 ⊣ e2 = e1;
L(4): e1 ⊣ e2 = e1.
(Omitted products are zero.)
Theorem 2 Up to isomorphism, there exist one parametric and �ve non

parametric families of two dimensional Leibniz dialgebras over any �eld F:
(L1(1),⊣,⊢) : e1 ⊢ e1 = e2;
(L1(2),⊣,⊢) : e1 ⊣ e2 = e1, e1 ⊣ e2 = −e1, e1 ⊢ e2 = e1;
(L2(2),⊣,⊢) : e1 ⊣ e2 = e1, e1 ⊣ e2 = −e1, e1 ⊢ e2 = e1, e2 ⊢ e1 = −e1;
(L1(3),⊣,⊢) : e2 ⊣ e2 = e1, e2 ⊢ e2 = δe1,∀δ ∈ F ;
(L1(4),⊣,⊢) : e1 ⊣ e2 = e1, e1 ⊢ e2 = e1;
(L2(4),⊣,⊢) : e1 ⊣ e2 = e1, e2 ⊢ e1 = −e1
(Omitted products are zero).
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Classi�cation of symmetric Leibniz algebras
associated to quasi-�liform Lie algebras

I.B. Choriyeva
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In recent years, the theory of Leibniz algebras has been intensively studied
and many results on Lie algebras have been extended to Leibniz algebras. A
left (right) Leibniz algebra is a non-associative algebra where the left (right)
multiplications are derivations. Symmetric Leibniz algebra is an algebra which
is simultaneously left and right Leibniz algebra. The initial property and theory
of symmetric Leibniz algebras are given in the works of Benayadi and Hidri [2].
They gave a method for the classi�cation of symmetric Leibniz algebras, which is
based on the property that a symmetric Leibniz algebra forms a Poisson algebra
with respect to the commutator and anticommutator [1].

Using this method, the classi�cation of symmetric Leibniz algebras underlying
Lie algebra is a naturally-graded �liform Lie algebras nn,1 and Q2n is obtained
in [3]. Moreover, the classi�cation of 5-dimensional symmetric Leibniz algebras
is given in [4]. In this work, we focus on the classi�cation of symmetric Leibniz
algebras associated with Lie naturally-graded quasi-�liform Lie algebras.
De�nition 1 An algebra (L, [−,−]) over a �eld F is called Lie algebra if for

any x, y, z ∈ L the following identities hold:

[x, y] = −[y, x], [x, [y, z]] + [y, [z, x]] + [z, [x, y]] = 0.

De�nition 2 An algebra (L, ·) is said to be a symmetric Leibniz algebra, if
for any x, y, z ∈ L it satis�es the following identities:

x · (y · z) = (x · y) · z + y · (x · z), (x · y) · z = x · (y · z) + (x · z) · y.

Let L be a vector space equipped with a bilinear map · : L× L → L. For all
x, y ∈ L, we de�ne [-,-] and ◦ as follows

[x, y] =
1

2
(x · y − y · x), x ◦ y =

1

2
(x · y + y · x).

Proposition 1 [1]. Let (L, ·) be an algebra. The following assertions are
equivalent:

1. (L, ·) is a symmetric Leibniz algebra.
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2. The following conditions hold:

(a) (L, [−,−]) is a Lie algebra.

(b) For any u, v ∈ L, u ◦ v belongs to the center of (L, [−,−]).

(c) For any u, v ∈ L, ([u, v]) ◦ w = 0 and (u ◦ v) ◦ w = 0.

According to this Proposition, we derive that any symmetric Leibniz algebra
is given by a Lie algebra (L, [−,−]) and a symmetric bilinear form ω : L× L →
Z(L), where Z(L) is the center of the Lie algebra, such that for any x, y, z ∈ L

ω([x, y], z) = ω(ω(x, y), z) = 0.

Then the product u · v = [u, v] + ω(u, v) gives a symmetric Leibniz algebra
structure.

In the following Proposition the criteria of isomorphism of two symmetric
Leibniz algebras with the symmetric bilinear forms ω and µ is given.
Proposition 2[1] Let (G, [−,−]) be a Lie algebra and ω and µ two solutions of

(). Then (G, ·ω) is isomorphic to (G, ·µ) if and only if there exists an automorphism
A of (G, [−,−]) such that

µ(u, v) = A(−1)ω(Au,Av).

For an arbitrary symmetric Leibniz algebra (L, ·), we de�ne the series:

L1 = L, Lk+1 = Lk · L, k ≥ 1.

De�nition 3 A n-dimensional symmetric Leibniz algebra L is called nilpotent
if there exists k ∈ N such that Lk = 0. Such minimal number is called index of
nilpotency.

A n-dimensional symmetric Leibniz algebra with index of nilpotency n and
n− 1 is called �liform and quasi-�liform, respectively.
De�nition 4 Given a nilpotent Lie algebra L, with index of nilpotency s. Put

Li = Li/Li+1, 1 ≤ i ≤ s− 1, and denote Gr(L) = L1 ⊕L2 ⊕ · · · ⊕Ln−1. De�ne
the product in Gr(L) as follows:

[x+ Li+1, y + Lj+1] := [x, y] + Li+j+1,

where x ∈ Li/Li+1, y ∈ Lj/Lj+1. Then [Li,Lj] ⊆ Li+j and we obtain the graded
algebra Gr(L).If Gr(L) and L are isomorphic, then we say that the algebra L is
naturally-graded.

The complete algebraic classi�cation of naturally-graded quasi-�liform Lie al-
gebras was given in [5]. In this work, we give the description of all symmetric
Leibniz algebras whose underlying Lie algebra is a naturally-graded quasi-�liform
Lie algebra.
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About geometry of completely integrable Hamiltonian systems
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We are interested in geometry of Liouville foliation generated by completely
integrable Hamiltonian systems.

De�nition 1 [2] Let M 2n be a symplectic manifold and sgradH Hamiltonian
vector �eld with a smooth Hamiltonian function H.

Hamiltonian system sgradH is called completely integrable in the sense of
Liouville or completely integrable, if exists set of smooth functions f1, ..., fn as:

1) f1, ..., fn are �rst integrals of sgradH Hamiltonian vector �eld,
2) they are functionally independent on M , that is, almost everywhere on M

their gradients are linearly independent,
3) {fi, fj} = 0 for any i and j,
4) the vector �elds sgradfi are complete, that is natural parameter on their

integral trajectories is de�ned on the whole number line.

De�nition 2 [1] Partition of the manifold Mm into connected components
of joint level surfaces of the integrals f1, ..., fn is called The Liouville foliation
corresponding to the completely integrated system.
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Level surfaces of these �rst integrals generates Liouville foliation. If the dimen-
sion of the leaf L is maximal, it is called regular, otherwise L is called singular.

De�nition 3 [3] A partition F of the manifoldM by path-connected immersed
submanifolds Lα is called a singular foliation of M if it veri�es condition:

for each leaf Lα and each vector v ∈ TpLα at the point p there is X ∈ XF
such that X(p) = v, where TpLα is the tangent space of the leaf Lα at the point
p, XF is the module of smooth vector �elds on M tangent to leaves (XF acts
transitively on each leaf).

If the dimension of L is maximal, it is called regular, otherwise L is called
singular. It is known that orbits of vector �elds generate singular foliation.

De�nition 4 [4]. The orbit L(x) of a system D of vector �elds through a point
x is the set of points y in M such that there exist t1, t2, . . . , tk ∈ R and vector
�elds X1, X2, . . . , Xk ∈ D such that

y = X tk
k (X

tk−1

k−1 (. . . (X
t1
1 ))),

where k is an arbitrary positive integer.
The fundamental result in study of orbits is Sussman theorem.

De�nition 5 [3] A distribution P onM is a map which assigns to every point
x ∈M an vector subspace P (x) of TxM .

Every set of smooth vector �elds D generates distribution, where for every
point x ∈ M matches subspace P (x) ⊂ TxM , that generated by set of vectors
D(x) = {X(x) : X ∈ D}.

The distribution P is called completely integrable, if for every x ∈ M there is
a submanifold Lx of the manifold M such, that TyLx = P (y) for all y ∈ Lx. The
submanifold Lx of M is called an integral submanifold (or integral manifold) of
the distribution P . A maximal integral manifold of P is a connected submanifold
L of M such that

(a) L is an integral manifold of P ,
(b) every connected integral manifold of P which intersects L is an open

submanifold of P .
We say that P is completely integrable if through every point x ∈ M there

passes a maximal integral manifold of P .
Sussman Theorem [4]. Let M be a smooth manifold, and let D be a set of

vector �elds. Then
(a) L is an orbit of D, then L admits a unique di�erentiable structure such

that L is a submanifold of M. The dimension of L is equal to its rank.

60



(b) With the topology and di�erentiable structure of (a), every orbit of D is a
maximal integral submanifold of distribution P .

(c) P has the maximal integral manifolds property,
(d) P is involutive.
Let sgradH completely integrable Hamiltonian vector �eld and with Hamil-

tonian function H : R4 → R on the four dimensional Euclidean space with the
Cartesian coordinates (p1, p2, q1, q2) with equation:

H = H(p1, p2, q1, q2).

We assume that Hamiltonian system is completely integrable and following
functions

F 1 = F 1(p1, q1), F 2 = F 2(p2, q2)

are �rst integrals of Hamiltonian system (1).
Let us denote by P the distribution generated by vector �elds

gradf 1 = {p′1(u); 0; q′1(u); 0}
gradf 2 = {0, p′2(v), 0, q′2(v)}.

(1)

Theorem. The distribution P generates foliation 𭟋⊥, which is orthogonal to
Liouville foliation 𭟋.
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Universal enveloping algebra of a set of compatible Lie brackets
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Hamiltonian pairs (or bihamiltonian structures) play an important role in
the theory of integrable systems from mathematical physics. Such structures
correspond to pairs of compatible Poisson brackets de�ned on the same manifold.
Two Poisson brackets {·, ·}1 and {·, ·}2 are said to be compatible if α{·, ·}1 +
β{·, ·}2 is a Poisson bracket for all α, β ∈ k, where k denotes the ground �eld.
In terms of operads, algebras with compatible Poisson brackets form a so called
bi-Hamiltonian operad [1, 2].

In the case of linear Poisson brackets, all such structures arise from a pair of
compatible Lie brackets. An algebra ⟨L, [·, ·]1, [·, ·]2,+⟩ belongs to a variety Lie2 of
pairs of compatible Lie brackets if α[·, ·]1+β[·, ·]2 is a Lie bracket for all α, β ∈ k.

In [5], the operadic (multiplicative) universal enveloping associative algebra
ULie2(g) of a given algebra g ∈ Lie2 in the sense of V. Ginzburg and M. Kapranov [3]
was considered, and the Poincar�e�Birkho��Witt (PBW) property for it was
proved. By the de�nition, the associative algebra ULie2(g) satis�es the following
property: the category of modules over g and the category of left modules over
ULie2(g) are equivalent.

In [4], we �nd the Gr�obner�Shirshov basis of the universal enveloping algebra
ULie2(g0) of an algebra g0, where g0 denotes the vector space g with both zero
Lie brackets. It allows us, applying the PBW property, to get the linear basis of
the algebra ULie2(g). We state that the (exponential) growth rate of this universal
enveloping over m-dimensional compatible Lie algebra equals m+ 1.

In a joint work with Zhan Zhen, we extend these results to the case of a Lie
algebra of n compatible brackets. Denote dim g = m. When m,n ≫ 1, we prove
that the growth rate of ULien(g) equals αmn, where α = 4

q20
≈ 0, 69166, and q0 is

a minimal root of Bessel function of the �rst kind.
The study was supported by a grant from the Russian Science Foundation �

23-71-10005, https://rscf.ru/project/23-71-10005/
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The article is dedicated to study the algebraic automorphisms. Author prove
that Nagata polynomial automorphism is algebraic and A Keller algebraic endo-
morphism is an automorphism.

In paper [1] van der Kulk proved that automorphisms of polynomial ring
K[x, y] on two variables are tame.

The group of automorphisms of the algebra K[x, y] admits the structure of
an amalgamated free products of the subgroup of a�ne automorphisms and the
subgroup of triangular automorphisms. For the �rst time, the exact formulation
was given by I. R. Shafarevich [2]. D. Wright in his [3] proved an analogue of
this result for tame automorphisms R[x, y] over an arbitrary integrity domain
R. L. Makar-Limanov showed that automorphisms free associative algebras of
rank two over arbitrary �elds are tame. L. Makar-Limanov, U. Turusbekova and
U.U. Umirbaev proved that automorphisms of free Poisson algebras of rank two
over �elds of characteristic zero are tame [4] Nagata proved in the article [5]
that the automorphism σ = (x + 2y(zx − y2) + z(zx − y2), y + z(zx − y2), z)
is wild automorphism of the algebra K[z][x, y] over K[z]. In our work we study
algebraicity of automorphisms.
Theorem 1. Nagata automorphism is algebraic

Theorem 2. A Keller algebraic endomorphism is an automorphism
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The notion of ω-Lie algebras was introduced by P. Nurowski in [2], as a
generalization of Lie algebras. P. Zusmanovich developed fundamental results
about �nite-dimensional Lie algebras in [3]. Tree-dimensional non-Lie real ω-Lie
algebras were classi�ed in [2] and the classi�cation of complex ω-Lie algebras was
obtained in [1]. In this work, we introduce the notion of ω-Leibniz algebras and give
some elementary properties of ω-Leibniz algebras. In particular, we investigate
some ideals and annihilators of ω-Leibniz algebras.

An ω-Lie algebra is a vector space L over the �eld F , equipped with a skew-
symmetric bracket [−,−] : L× L → L and a bilinear form ω : L× L → F such
that
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[[x, y], z] + [[y, z], x] + [[z, x], y] = ω(x, y)z + ω(y, z)x+ ω(z, x)y (1)

for all ∀ x, y, z ∈ L.
De�nition 1 The triple (L, [−,−], ω) is called an ω-Leibniz algebra if the

following condition is hold

[[x, y], z]− [[x, z], y]− [x, [y, z]] = ω(x, y)z − ω(x, z)y + ω(y, z)x (2)

for all ∀ x, y, z ∈ L.
Any Leibniz algebra is an ω-Leibniz algebra with ω ≡ 0.
Let us denote the right (respectively left) kernel of ω as follows

Kerrω = {x ∈ L | ω(x, y) = 0,∀y ∈ L},
Kerlω = {x ∈ L | ω(y, x) = 0,∀y ∈ L}.

For an ω-Leibniz algebra L, we de�ne right and left annihilators as follows

Annr(L) = {x ∈ L | [L, x] = 0} and Annl(L) = {x ∈ L | [x, L] = 0}.

Theorem 1 Let I be a two-sided ideal of the ω-Leibniz algebra L. Then
ω(I, I) = 0. In additionally, if I is a right ideal of codimension>1, then I ⊆
Kerrω.
Corollary 1 A right (respectively left) ideal of an ω-Leibniz algebra is a Leibniz

algebra.
Theorem 2 Let I be a right ideal of the ω-Leibniz algebra L and codimI > 1.

Then
i. ω(x, y) = 0 for any ∀x, y ∈ L, i.e., L is a Leibniz algebra.
ii. [h, h] = 0 for any ∀h ∈ I.

Theorem 3 The following are true:
i. Annl(L) is the right ideal of the ω-Leibniz algebra L.
ii. If dimAnnlL > 1, then ω(x, y) = 0 for any ∀x, y ∈ L, i.e., L is a Leibniz

algebra.
iii. If dimAnnlL = 1, then ω(x, y) = −ω(y, x), [[y, y], a] = [[y, a], y], [y, [y, a]] =

0, and [y, [x, x]] = 0 for any ∀x, y ∈ L and a ∈ AnnlL.
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The article is dedicated to study the algebraic automorphisms. Author prove
that elementary and triangular polynomial automorphisms are algebraic.

In paper [1] van der Kulk proved that automorphisms of polynomial ring K[x,y]
on two variables are tame.

The group of automorphisms of the algebra K[x, y] admits the structure of
an amalgamated free products of the subgroup of a�ne automorphisms and the
subgroup of triangular automorphisms. For the �rst time, the exact formulation
was given by I. R. Shafarevich [2]. D. Wright in his [3] proved an analogue of
this result for tame automorphisms R[x, y] over an arbitrary integrity domain
R. L. Makar-Limanov showed that automorphisms free associative algebras of
rank two over arbitrary �elds are tame. L. Makar-Limanov, U. Turusbekova and
U.U. Umirbaev proved that automorphisms of free Poisson algebras of rank two
over �elds of characteristic zero are tame [4] Nagata proved in the article [5]
that the automorphism σ = (x + 2y(zx − y2) + z(zx − y2), y + z(zx − y2), z)
is wild automorphism of the algebra K[z][x, y] over K[z]. In our work we study
algebraicity of automorphisms.
Theorem 1. Elementary polynomial automorphisms are algebraic

Theorem 2. Triangular polynomial automorphisms are algebraic

This research was supported by grant BR20281002 SC MSEH RK.
Keywords: Algebraic Automorphisms, Keller polynomial maps, Polynomial au-
tomorphisms
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Lifting of elements in a Weyl group to the normalizer of the torus
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The splitting problem for the normalizer of a maximal torus was �rst formulated
by J. Tits [1]. Let G be a simple connected linear algebraic group over an alge-
braically closed �eld F. Consider a maximal torus T in G. This is well-known
that the quotient group NG(T )/T is isomorphic to the Weyl group W of G. The
natural question is for which groups G the normalizer NG(T ) splits over T . The
answer was obtained independently by J. Adams, X. He in [2] and in a series of
papers by A. Galt.

J. Adams and X. He in [2] considered a related question: what is the minimal
order of a lift for an element w ∈ W to NG(T )? It is easy to see that if the order
of w is d, then the minimal order of a lift for w is either d or 2d. Clearly, if NG(T )
splits over T , then the minimal order is d.

In [2, 3, 4], the minimal orders of lifts are found for the elements belonging to
the so-called regular or elliptic conjugacy classes of W . It is known that elliptic
classes correspond exactly to those elements whose all lifts are of �nite order [4].

We �nd the minimal orders for all elements in the case of exceptional groups
of Lie type [5]. This allows us to describe all orders of lifts in these cases.

The work is supported by the Program of Fundamental Research RAS, project
FWNF-2022-0002.
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