Algebra and Geometry of Whittaker patterns

Sergey OBLEZIN, Nottingham

Lie Algebras and Invariant Theory

18 August 2018, Samara

Lie Algebras and invariar
Sergey OBLEZIN, Nottingham Algebra and Geometry of Whittaker patterns /19



Motivation: compact/finite groups
The Peter-Weyl Theorem:

’G)= P vnew,
Aelrr(G)

summed over irreducible (finite-dimensional) representations (my, V) ).

Here V), ® V5 = space of matrix elements (e} 7r)\(g)ej>‘>vw where

Vy = span{ei\, ce ei,‘()\)} , d(A) = dim(V))
< s >VA : V)\ ® V;\k — C.
Matrix elements are well-known to be the source of

orthogonal polynomials/special functions
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Principal series representations of reductive groups
The Bruhat (Gauss) decomposition of G = G(F):

G=||BwB, GO =U_-A U,.
weWw
For A = (M1,...,An) € CN consider general character of B_ C G,
N
Xa: B.=UA— C", xa(ua) = T lail¥*.
i=1

The principal series representation (7, V) with the right G-action:

Wy = Indg xy = { f e 12(G) ‘ f(bg) = xa(b) f(g), be B-}
There is an invariant non-degenerate pairing,

() WaxW—C,  (fhy, = /Udm(u) F(u) h(u)
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The G-Whittaker function: definition

The general character ¥ : Uy —> C* is given by

Yr(u) = [ ¢(w), ¢: F—C*.

simple roots
The G-Whittaker function W)(g) is a smooth function on G(F) given by
Va(g) = (¥, ma(g) 1/1R>VA, (1)
where the “left” Whittaker vector,
L U- — CF, Yr(u) = Pr(wigt) "
is defined via the inner automorphism:

v Uy — U_, u— wouig b

Note: 9, g € V!
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The G-Whittaker function: basic properties

Q@ Forany u; € U_ and up € Uy

Va(uguz) = vr(u2) Va(g):
@ For any G-invariant differential operator H on A C G
H-Wa(a) = cu(A)Wala), aeA, cu(d)eC.
@ Let g = Lie(G) and U(g) be the universal enveloping algebra, then

d
VyxU(g) —Vy,  (X-fg) = af(getx))Ho, VX € g;

moreover, the U(g)-action is Hermitian w.r.t. the pairing:
(X-F, By, = —(F, X+ h)y, ;
Q Let Lie(U;) = span{ej, i € I} and Lie(U-) = span{f;, i € I}, then
e Yr = &R, fi-vr =& Yo, & ec.

Lie Algebras and invariar
Sergey OBLEZIN, Nottingham Algebra and Geometry of Whittaker patterns /19



The quantum Toda D-module

The G-Whittaker function on maximal torus A C G, so that
dim(A) = rk(G):

WS (€ ) = e (g my (e T )

Generators Cy, ..., Cy of the center ZU(g) define quantum Toda
Hamiltonians:
He-Wy(e¥) = e P (g, ma(Cre ) yg) . (2)
The G(R)-Whittaker function is an eigenfunction:
Hr-Wa(e¥) = e(A) Wa(e"), (3)
er(A) are r-symmetric functions in A = (A1,..., An).

Example: G = GL(2; R)
2 P o
o2 2 2) e
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Example: the GL(2; R)-Whittaker functions

The Bessel function “of the third kind":

1 —T T—
Wi (e, €?) = /dre%Az<XI+sz>+;A1Tﬁ(eﬁ +eT2)
’ R

A1tAo xp+xo 2 xq-x
—e 2 e 2 erxz(ﬁe 7).
R

The Mellin-Barnes integral representation:

\Ug\[f,)g( Xl, exz) — /d,.y eﬁxg()\1+)\2 ,y)+ X1y
R—z2e
M=y A — Y >\2 v /Ao
xhhr(h)h r(ﬁ)'

(4)

(5)

Both integral representations can be generalized to GLy(R) by induction
over the rank N, using the Baxter Q-operator formalism, [GLO:08,09,14].
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Algebraic construction of Whittaker vectors |
We have the following integral representation:

Wi(e) = et /,ﬂuU+(u) i) Yr (ue™ =) (6)

In case G = GLy41(RR) general unipotent character is given by

wR : U+ — (C*v HUUHI<J — e*ZUi,i+1’

(7)
Yr(u)Yr(u2) = Yr(uru2).

Chasing general case, compute u; ;41 in terms of / X i-minors of u € Uy

Aj(us; —ZLA"(-(“;S)
wis = G el = &
1

and using the conjugation by the longest Weyl group element wy

wL(U) = wR(UWO_l)il = XA(UWO_I) ei€l A,‘(uwo_l) .
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Algebraic construction of Whittaker vectors |l
In general we have

ClUs] ~ & Vi

AEN,
let Vo, ..., Vi, be fundamental representations,
(', Vo Vo x Vg — C
such that for highest/lowest weight vectors Gﬂ[i € Vg,
<§‘l—;,‘7§;;>wi =1
For each (7, Vi,) introduce
Awl(g) = <§;,'7 Trwi(g)gjﬂ_,'>wi7

then it can be shown that
-

A
- He_u"f = ¢ far =

i€l

Aw: us;)

Aw,( 'Q_léi)

1y — . 1
wL(U) — 1/}R(UW0 1) 1 _ XA(UWO 1) eiel Ao (wigg ™)
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The Main Theorem ['96'05'07 '12]

Theorem

The G-Whittaker function allows for the following integral representation:

WQ _ = p(x)/d,uu HAw, ”WO X ay)
icl
Awi(uvlv()_ S,) (aj, x) Awi(Uéi)
XexP{;( Aw,-(UV'Vo_l) € A (u) >} (8)

Example: G = SL(2; R)

_ 1 B o & — 1 =1 _ -1
o= (1), s (00). wie= (%)

so that (8) reads

sy Xl X2\ M= dy A1—X\2 _1_ eX17 X2y
VNZ (e, €%) = e 2 R4 e : (9)
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The group épinage: elementary unipotent parameters

For each i/ € I introduce the group épinage:
g Sla— G, X(t) = ¢i(41).
Given a reduced word J = (J1, .. .,Jjm) € R(wp), so that m = I(wp) = |P4|,
oy ={nm=0y, =S, ..., Tm= (5’1'1"'5jm_1)~ajm}?
moreover, there is a birational isomorphism
C" —— Uy, (tr, .., tm) —u = X (t1) ... - X, (tm) -

Then the generalised minors can be computed [Berenstein-Zelevinsky]:

Ag,(wig?) = Tt (10)

n=1
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Example: elementary unipotent parameters in type A, |
There are two reduced words of wy = s1sp51 = sps152 € W(AR) ~ Gs:

(1,2,1)  and  (2,1,2)

2

100 1t30 1 t+t3 itz .
<01t2)<010):<0 1 tz), W(]:(
001 001 0 0 1

001
1 ) 0-1 0) s
5 100
and, therefore,
. 1. - =1,
Ag (uwg "$1) _ t+ts Amy(uig ") _ t2
Ao(wip) bt | Ag(wip) | bh)

which leads to

sl3 (eXl, exz’ eX3) — e><1—><3/dtldtédt3

A=A Aa—A
AL Ao, As I (t1tp) ™ "2 (tat3)™2 73
1 1t 1
X exp{ _ D23 (4 ty) — eXQ_X3t2}
to t1 o t3
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Example: elementary unipotent parameters in type A, Il
e Incase J=(2,1,2)

100 10\ /100 1 qgs . 001
o= (EDGIDEID = (182). = (33
001 001 001 00 1 100
one might observe
o= 5 g2 = t1+ 13, B = 1%
dty dtp dt3 __ dqy dgp dgs
th o t3 g1 G2 g3 °
Therefore,
Awl(uv'vo_lél) @ Am(uv'vo_léz) _ a1t ags
A, (uig ") BB’ D, (wigt) 9192
which leads to
dqgy dgy d
[ _ 1 dq2 dg3 _ _
wii)\Z’)\3(ex17 ex27 ex3) — X x3/(q2q3)/\1 Az(qlqz)Ag A3
a q2 g3
1 1 1
X GXP{ S = =B g, e (g + Q3)}
as az a1 qz
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Givental integral representation in type A, [GLO'07 '12]
Let J = (1,21,...,0...21) € R(w),

u=u9 Xe(ye1)- - X1(yre)

then making the totally positive substitution
}/i,n — eXn+i,i+1—Xn+i—1,i’ 1 S n S i S g

gives the following integral representation

¢
ol X X _ Fole+1(x
w/\1,---,/\e+1(e L, e) = / H dx, e 09, (11)
Ci=1

where the function F9'%+1(x) is given by

041 n n—1
J——'g[prl(x) =1 Z )\n< Z Xn7,' - Z Xn—l,i)
n=1 i=1 i=1

Lk
_ Z Z (eXk,i_Xk-H,i + eXk+1,i+1_XkJ) .
k=1i=1
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Gelfand-Tsetlin graph in type A, [GL0'07 '12]

X0+1,1

Xe 1l — > X¢+1,2

l

X1 —— . = X410

|

X11 X22 cee Xep X041, 041
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Gelfand-Tsetlin graph in type B, [GL0'07 '12]
Let J = (ji,jo, ..+ Jm) == (1,212,32123,...,(¢...212...0))

o
o zp1 X¢.1
Xp—1,1 Zp.2
Oé.'. .'.—>X£7€_1
o Z11 X11 e Xp—1,0—1 Zo0 X0
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Gelfand-Tsetlin graph in type C; [GL0O'07 "12]
Let J = (j1,jo, ..+ Jm) == (1,212,32123,...,(£...212...1))

201
I

X

Zp 11 —X—Xp1 ——> 21

Zp-1,1
711 —x— . X001 Zpp—1
% \
X11 211 e e Zp—1,6—1 Xe.0 Zoe

where we assign to the symbol z —x— x the eXpOE/%nB\Fg_ezb_r‘Xas and Invariar
9
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Gelfand-Tsetlin graph in type D, [GL0O'07 '12]

Let J = (j1,Jo, -, jm) == (12,3123,...,(£...3123...0))

Zp11 —X—— X1

Z1] —X— .
>I< \
X11 z11 e T X1 T 21 -1 > Xy
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The Cp-type VS Dy-type symmetry :

The (twisted) affine Lie algebra of type Agz)—1 ;

Qo1
a1 = Q2 Q-1
Oy
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